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Preface

This book is the result of the research carried on by the author and some
of his colleagues from 1995. Fork algebras, the subject of this book, had
their origin in the early 90s as part of a formalism capable of dealing with
the process of program specification and development. The contents of the
book fall in with what are called Relational Methods in Computer Science.

As usually happens, applied research led to problems of a theoretical
nature which were undertaken by the author and are the core of this book.
Problems such as finite ariomatizability or azioms independence (Sections
4.1 and 4.2) naturally arose when investigating the relational semantics of
the fork calculus.

Relational proof systems for various logics (classical, modal and multi-
modal) (Sections 5.2, 6.5, 6.7) besides providing relational deductive calculi
for these logics, allow us to assess the expressive power of the fork calculus
and establish the foundations for a relational formalism for system specifi-
cation.

Finally, in Section 7.5 we present the foundations for a relational cal-
culus for program specification and derivation that allow us to specify and
calculate program design strategies.

The author wishes to thank Armando Haeberer and Roger Maddux,
who were his Ph.D. advisors and co-authors of several results in this book.
Gabriel Baum has to be thanked not only as a colleague and co-author of
several papers, but also as a constant source of friendship and advice. Tom
Maibaum suggested that these results could be put in the form of a book.
The members of the RelMiCS (Relational Methods in Computer Science)
group are thanked for their always useful comments and criticisms. Finally,
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the author wishes to thank the Department of Informatics, PUC-RIO; LI-
FIA, National University of La Plata; and the Department of Computer
Science, School of Sciences, University of Buenos Aires, for providing an
always stimulating environment.
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Chapter 1

Introduction and Motivations

1.1 Software Specification, Binary Relations and Fork

Fork algebras —the subject of this book— have their origin as the founda-
tion of a framework for software specification, verification and derivation.
In our view, specification languages —as modern graphical notations like
UML [G. Booch et al. (1998)]— must allow for a modular description of
the different aspects that comprise a system. These aspects include struc-
tural properties, dynamic properties, temporal properties, etc. Different
formalisms allow us to specify each one of these aspects, namely,

— first-order classical logic for structural properties
— propositional and first-order dynamic logic for dynamic properties,
— different modal logics for temporal properties.

Many of the previously mentioned formalisms have complete deductive
systems. Nevertheless, reasoning across formalisms may be difficult if not
impossible. A possible solution in order to solve this problem consists on
finding an amalgamating formalism satisfying at least the following:

— the formalism must be expressive enough to interpret the specifi-
cation formalisms,

— the formalism must have very simple semantics, understandable by
non mathematicians,

— the formalism must have a complete and simple deductive system.

In this book we propose the formalism called fork algebras to this end.
The formalism is presented in the form of an equational calculus, which
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2 Introduction and Motivations

reduces reasoning to substitution of equals by equals. The calculus is com-
plete with respect to a very simple semantics in terms of algebras of binary
relations.

Algebras of binary relations, such as the ones to be used in this book,
have as domain a set of binary relations on some set (let us say A). Among
the operations that can be defined on such domain, consider the following:

— the empty binary relation @,

— complement of a binary relation z with respect to a largest relation
E, i.e., T —as the complement of z is denoted— is defined as F \ r,

— union of binary relations —denoted by U—, and

— intersection of binary relations —denoted by N.

Notice that the previous operations are defined on arbitrary sets, inde-
pendently of whether these are binary relations or not. Actually, a set of
binary relations closed under these operations is an example of set Boolean
algebra. However, there are other operations that operate naturally on bi-
nary relations but are not defined on arbitrary sets. Among these we can
mention:

— the identity binary relation on A —denoted by Id—,
— composition of binary relations —denoted by o—, and
— transposition of the pairs of a binary relation —denoted by .

Unfortunately, a class of algebras containing these operations cannot be
axiomatized by a finite number of equations [D. Monk (1964)]. In order to
overcome this important drawback, we add an extra binary operation on
relations called fork. Addition of fork has two main consequences. First, the
class of algebras obtained can be axiomatized by a finite (and small) number
of equations. Second, addition of fork induces a structure on the domain
on top of which relations are built, i.e., rather than being the arbitrary set
A, it is a set A* closed under a binary function *. The definition of the
operation fork (denoted by V) is then given by:

RVS={{(z,y*z): 2Ry N zSz} .

The definition of V is depicted in Fig. 1.1. Whenever = and y are related
via R, and = and z are related via S,  and y * z are related via RV S.
Notice that the definition strongly depends on the function *. Actually, the
definition of fork evolved around the definition of the function *. From 1990
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Fig. 1.1 Fork of binary relations R and S.

(when the first class of fork algebras was introduced) until now, different
alternatives were explored with the aim of finding a framework which would
satisfy our needs. In the definition of the first class of fork algebras [P.
Veloso et al. (1991)], function * produced true set theoretical pairs, i.e.,
when applied to values a and b, *(a,b) returned the pair (a,b). Mikulds,
Sain, Simon and Németi showed in [S. Mikulds et al. (1992); L. Sain et
al. (1995)] that this class of fork algebras was not finitely axiomatizable.
This was done by proving that a sufficiently complex theory of natural
numbers can be interpreted in the equational theory of these fork algebras,
and thus leads to a non recursively enumerable equational theory. Other
classes of fork algebras were defined, in which * was binary tree formation
or even concatenation of sequences, but these were shown to be non finitely
axiomatizable too. It was in [M. Frias et al. (1995)a] where the class of fork
algebras to be used in this book came up. The only requirement placed on
function * was that it had to be injective. This was enough to prove in
[M. Frias et al. (1997)b] that the newly defined class of fork algebras was
indeed finitely axiomatizable by a set of equations.
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Chapter 2

Algebras of Binary Relations and
Relation Algebras

2.1 History and Definitions

In this section the classes of algebras of binary relations and their abstract
counterpart, the class of relation algebras, will be defined. The study of
algebras of binary relations began with the works of Charles Sanders Peirce
[Ch. Peirce (1933)] and Augustus De Morgan [A. De Morgan (1966)] and
was later continued by Ernst Schréder [E. Schréder (1895)] when looking for
an algebraic counterpart of first-order reasoning, much the same as George
Boole developed the so-called Boolean algebras as an algebraic counterpart
to propositional reasoning.

Throughout this section and the rest of the book it will be assumed
that the reader has a nodding acquaintance with elementary concepts of
set-theory and first-order logic. As a reference text in both areas the reader
is referred to [J. Barwise (1977)]. Given a binary relation X in a set 4, and
a,b € A, we will denote the fact that a and b are related via the relation X
by {(a,b) € X or a X'b, indistinctly.

Definition 2.1 Let F be a binary relation on a set A, and let R be a set
of binary relations satisfying:

(1) URCE,

(2) Id (the identity relation on the set A), @ (the empty binary relation)
and E belong to R,

(3) R is closed under set union (U), intersection (M) and complement
relative to E (7),

(4) R is closed under relational composition (denoted by o) and con-

5



6 Algebras of Binary Relations and Relation Algebras

verse (denoted by ). These two operations are defined by

XoY ={{(a,b): Jec(aXc A cYb)}

X={(a,b): bXa} .

Then, the structure (R,U,N,”,0,E, o0,Id,~ ) is called an algebra of
binary relations. The class of algebras of binary relations will be denoted
by ABR.

Definition 2.2 Notice that, according to Def. 2.1, each algebra of binary
relations 2 contains a set A on which the binary relations are defined. This
set will be called the base of 2, and will be denoted by By.

Definition 2.3 An algebra of binary relations is full if its universe is of
the form P (U x U) for some set U, and is square if its largest relation is
of the form U x U.

It follows immediately from Def. 2.3 that every full algebra of binary
relations is square. Also, a square algebra of binary relations, whose largest
relation is U x U, is a subalgebra of the full algebra of binary relations with
universe P (U x U).

The following theorem, besides being useful in further sections, also
gives a clear understanding of the structure of algebras of binary relations.
Given algebras A and B, 2 < B means that 2 is embeddable in B, i.e.,
2 is isomorphic to a subalgebra of B. Also, given an index set I, [],.; 2
denotes the direct product of the algebras (2;)c;.

Theorem 2.1  Given an algebra of binary relations 2, there exist an index
set I and full algebras of binary relations (U;)icr such that

2= %

iel

Proof Let E be the largest relation in 2. Since Id C E, Eg E and
EoE C E, FE is an equivalence relation. Thus, there exists an index
set I such that E = |J;c; Ei, with E; = U; x U;. For i € I, let ®; be
the algebra of binary relations with largest relation E; and universe A4; =
{z€E;:xeA}. Let h: A — [],.; Ai be defined by: m;(h(a)) = an E;.
It is an easy exercise to show that A is a one-to-one homomorphism. O
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In 1941 Alfred Tarski [A. Tarski (1941)] introduced the elementary the-
ory of binary relations (ETBR) as a logical formalization of the algebras
of binary relations. The elementary theory of binary relations is a for-
mal theory where two different sorts of variables are present. The sat
IndVar = {v;,vs,vs,...} contains the so-called individual variables, and
the set RelVar = {R,S,T,...} contains the so-called relation variables.
If we add the relation constants 0, 1 and 1’ to the relation variables and
close this set under the unary operators ~ and °, and the binary operators
+, - and ;, we obtain the set of relation designations. Examples of such
objects are, for instance, R (to be read ‘the converse of R’) and R;S (to
be read ‘the relative product of R and S’). Atomic formulas are expres-
sions of the form z Ry (where z, y are arbitrary individual variables and
R is an arbitrary relation designation) or R = S (with R and S arbitrary
relation designations). From the atomic formulas, we obtain compound
formulas as usual, by closing the atomic formulas under the unary logical
constants -, Vz, Vy,..., 3z, Jy... (z, vy, ... individual variables) and the
binary logical constants V, A, = and <. We will choose a standard set
of logical axioms and inference rules for our theory (see e.g. [H. Enderton
(1972), Ch. 2.4]). As the axioms that explain the meaning of the relational
symbols 0, 1, I’, 7, %, 4+, - and ;, we single out the following sentences in
which z, y, z are arbitrary individual variables and R, S, T are arbitrary
relation designations.

VaVy (zly) (unit definition)
VzVy (= 20y) (zero definition)
Vz (z1'z) (reflexivity of the identity)
VaeVyVz ((tRy Ayl z) = 2 Rz) (identity is a congruence)
Vzvy (zRy < - zRy) (complement definition)
VzVy <:r Ry & yR:L') (converse definition)
VaVy (zR+Sy < zRyVvzSy) (join definition)
VeVy (zR-Sy & zRyAzSy) (meet definition)

VaVy (zR;Sy & 3z(zRzAzSy)) (relative product definition)
R=S & VavVy(zRy & zSy) (equality definition)
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From the elementary theory of binary relations, Tarski [A. Tarski (1941)]
introduced the calculus of relations (CR). The calculus of relations is de-
fined as a restriction of the elementary theory of binary relations. Formulas
of the calculus of relations are those formulas of the elementary theory of
binary relations where no variables over individuals occur. As axioms of
the calculus of relations, Tarski chose a subset of formulas without vari-
ables over individuals valid in the elementary theory of binary relations.
The formulas Tarski chose as axioms are, besides a set of axioms for the
logical connectives, the following:

(1) (R=SAR=T) = S=T

(2 R=S = (R+T=S+T A RT=5-T)

(3) R+S=S+R A R-S=S-R

(4) (R+S)-T = (R-T) + (S-T) A (R-S)+T = (R+T) - (S+T)
(5) R+0=R A R-1=R

(6) R+R=1 A RE=0

(9) ( =
(10) (R;S);T
(11) R;I' =R
(12) (R;S -T
(13) R;1=

Axioms (1)-(7) are an axiomatization for Boolean algebras, axioms (8)-
(12) axiomatize the relative operators.
As is customary in universal algebra, an algebra 2 with universe A is
simple if:
- |Al > 2:

— 2 has exactly two homomorphic images.

It follows from [A. Tarski (1941), p. 85] that formula (13) is equivalent
to the formula

VR(R#0 = 1;R;1=1) . (2.1)

It is proved in [B. Jénsson et al. (1952), Thm. 4.10(iii)] that (2.1) forces
models to be simple, and therefore so does formula (13). The models of the
calculus of relations motivate the following definition.
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Definition 2.4 A relation algebra is an algebra (A, +,-,7,0,1,;,1,%)
where +, - and ; are binary operations, ~ and ” are unary, and 0, 1 and 1’
are distinguished elements. Furthermore, the reduct (A4, +,-,7,0,1) is a
Boolean algebra, and the following identities are satisfied for all z,y, z € A:

z; (y;2) = (z;9) ;2 (Ax. 1)

(z+y);z ==z + ¥z, (Ax. 2)

(z+y)” = E+7, (Ax. 3)

=z, (Ax. 4)

;I’'=1z =z, (Ax. 5)

(z;9)" = ¥;%, (Ax. 6)

iy - z=0iff ;4 - z=0iff ;2 - y = 0. (Ax. 7)

As an immediate consequence of Defs. 2.1 and 2.4 we obtain the follow-
ing theorem.

Theorem 2.2 Every algebra of binary relations is a relation algebra.

Proof The proof consists of showing that axioms Ax. 1-Ax. 7 hold in
any algebra of binary relations, and is left as an insightful exercise for the
reader. O

We will denote the class of all relation algebras by RA and by < the
ordering induced by the Boolean reduct. Thus, we will use the notation
z < y as a shorthand for the equation z4+y = y. Elements from either
algebras of binary relations or relation algebras will be generally called
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relations. In case it is necessary to mention elements from an algebra of
binary relations, we will call them binary relations or concrete relations.
We denote by 0’ the diversity relation T.

Alternative (and equivalent) axiomatizations for the calculus of relations
can be obtained by replacing Ax. 7 in Def. 2.4 by any of the following two
formulas:

~
<

(z;y) -z < (z - z9); (v - %2), (2.2)
Ty € z &= ¥3Z < 7Y & z;9 < I (2.3)

Notice that (2.2) is an equation, and therefore the class of relation al-
gebras is a finitely based variety, i.e., it is axiomatizable by a finite set of
equations. If we add formula (13) to the axiomatization of relation alge-
bras, we obtain the class of simple relation algebras. It is proved in [L.
Chin et al. (1951)] that axioms (1)-(12) can be proved from Ax. 1-Ax. 7
and viceversa.

At the end of his paper [A. Tarski (1941)], Tarski asked the following
questions:

(1) Is every model of the calculus of relations isomorphic to an algebra
of binary relations?

(2) Is it true that every formula of the calculus of relations that is
valid in all algebras of binary relations is provable in the calculus
of relations?

(3) Isit true that every formula of the elementary theory of binary rela-
tions can be transformed into an equivalent formula of the calculus
of relations?

The answer to these questions is negative in all cases. The first question
was answered negatively by Roger Lyndon [R. Lyndon (1950); R. Lyndon
(1956)] by exhibiting a non-representable relation algebra, i.e., a relation
algebra that is not isomorphic to any algebra of binary relations. The im-
mediate consequence of this result is that there exist properties valid in
all algebras of binary relations which can be false in some relation alge-
bras. The second question was answered by Lyndon, who showed that the
equation

a;b - c;id - e;f < a5 [&;c bid - (a;e : b;f) (é;c . f;g)] d

is valid in all algebras of binary relations, but fails in the relation algebra
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presented in [R. Lyndon (1950)]. McKenzie [R. McKenzie (1970)] also an-
swered the first question by presenting a small non representable relation
algebra (Lyndon’s algebra has fifty-six atoms, while McKenzie’s has only
four). Notice that since Tarski proved in [A. Tarski (1955)] that the class
of representable relation algebras is a variety, i.e., it is axiomatizable with
a set of equations, there must exist an equation that fails in McKenzie’s
algebra, providing a negative answer to the second question. An example
of such an equation is given in [A. Tarski et al. (1987), p. 55]. With regard
to the third question, a result due to Korselt and whose proof is included
in [L. Lowenheim (1915)] shows that the expressive power of the calculus
of relations is that of a proper restriction of first-order logic. The logical
counterpart of the calculus of relations — denoted by £* in [A. Tarski et
al. (1987)] — is equivalent (equipollent is the technical term) with a three
variables fragment of first-order predicate logic (see [A. Tarski et al. (1987),
Ch. 3.9] for a detailed proof of this). If we recall our mission of devising a
framework suitable for system specification, such lack of expressiveness has
a negative impact since first-order specifications of systems are not likely to
have meaningful translations into the calculus of relations. In [A. Tarski et
al. (1987), §3.4(iv)] Tarski and Givant present the following formula, which
is not equivalent to any sentence of the calculus of relations:

VaVyVzIu (ulz A uly A ulz2) . (2.4)

One way to convince oneself that this is indeed the case is by attempting
to reduce this formula to a relational expression using the definitions of the
relational operations. In Ch. 2.2 we will come back to this formula.

For a more detailed study in the origin of relation algebras and the
calculus of relations the reader is referred to [R. Maddux (1998); R. Maddux
(1991)] and [C. Brink et al. (1997), Ch. 2].

In Def. 2.5 below we introduce some terminology to be used in further
sections.

Definition 2.5 A relation F is called functional if F;F <71. A relation
I is called injective if I ;Iu < 1. A relation S is called symmetric if § = S.
A relation T is called transitive if T;T < T. A relation D is called left-ideal
if D = 1;D, and right-ideal if D = D;1. A relation C is called constant if
it is functional, left-ideal and C;1 = 1. Intuitively, constant relations are
alike constant functions (i.e., they map all inputs to a single value). We
will generally denote the constant relation whose output is the value v by
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C,. By Dom (R) we denote the term (R;R)-1’ (the domain of the relation
R), and by Ran (R) we denote the term (R;R)-1’ (the range of the relation
R). Given a binary relation R, by dom (R) and ran (R) we denote the sets
{z:3y((z,y) € R) } and {y: Iz({z,y) € R) }, respectively. In general, we
will denote algebras and structures by capital german letters (%, B8, ...), and
their universes by the associated roman letter (A, B,...). Given algebras
2 and B, by 2 < B we denote the fact that % is embeddable in B (ie.,
there exists a one-to—one homomorphism from 2 to ). Given a set S, by
P (S) we denote the power set of S.

The reader is invited to verify that when interpreted in algebras of
binary relations, the conditions in Def. 2.5 characterize familiar notions.
For example, a binary relation F' satisfying the condition ¥'; F < 1' will in
effect be functional.

2.2 Arithmetical Properties

In this section a list of properties that are true in all relation algebras is
presented. These properties will be used in further sections. Within the
proof of Thm. 2.3, a reference to the nth property stated within the same
theorem will have the shape ‘by n’.

Theorem 2.3 The following properties are valid in all relation algebras
for all relations R, S, T, F, G and I:

(1) R;0=0;R =0.
(2 i=1
(3) 1;1=1.
(4) (R+8)" = R+38.
(5) (R-S)"=R-38.
(6) f R<T then R=R.
(7) If R,S <1 then R;S=R-S.
(8) If R< 71 then (R;1)-S=R;S and (1;R)-S = S;R.
(9) If F+G =1 and F-G =0, then F;1 = G; 1.
(10) Dom (R) = (R;1) -1’ and Ran(R) = (1;R) -1".
(11) Dom(R) ;R = R and R;Ran(R) = R.
(12) Dom (R+S) = Dom (R) +Dom (S), i.e., Dom is additive. Simi-
larly, Ran (R+S) = Ran(R) +Ran (S).
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(13) Dom (&) = Ran (R) and Ran (&) = Dom (R).

(14) R;1 = Dom (R);1 and 1;R = 1;Ran(R).

(15) R=R.

(16) (R-S);T < (R;T) - (S;T) and R; (S-T) < (R;S) - (R;T).

(17) If F is a functional relation then F; (R-S) = (F;R) - (F; ).

(18) If F is a functional relation, G < F, and Dom (G) = Dom (F)
then G=F.

(19) If F is a functional relation then Dom (F) F;R R

(20) If I is an injective relation then (R-S) ;I = (R;

(21) If I is an injective relation then R;I;Ran (I)

(22) [FF <1 then F:R - S = F; (R-S) and R;F -

F;ﬁ.

See [L. Chin et al. (1951)] Cor. 2.4.

See |L. Chin et al. (1951)] Thm. 1.7.

See [L. Chin et al. (1951)] Thm. 2.6.

See [L. Chin et al. (1951)] Thm. 1.11.

. Chin et al. (1951)] Thm. 1.9.

See [L. Chin et al. (1951)] Thms. 3.2 and 3.5.
See [L. Chin et al. (1951)], Cor. 3.12.

By monotonicity and Ax. 5

XN W
w
@
o
=

R;S < R;1 and R;S < I";85=S5.

Then,
R;S < (R;1)-S.
We also have
S=(R-R);S (BA)
=(R;R);S (by 7)
- (R;é) .S (by 6)
= R; (B;5) (by Ax. 1)
> (R- 8;1);(1- R;S) (by monotonicity)
> (R;1)-S. (by (2.2))

The other case is proved similarly.
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9. In order to prove this property, we will show that G;1 is the complement

of F';1.
(Fi1)-(G;1) =0 < F;G;1-1=0 (Ax. 7)
= F;G;1=0 (BA)
— (F-G);1=0 (by 7)
< 0=0. (Hyp.)

We also have

Fi;1 4+ G;1=(F+G);1 (Ax. 2)
=131 (Hyp.)
=1. (Ax. 5)

From (F;1)-(G;1) = 0 and (F';1)+(G;1) = 1, we deduce F;1 =
G;l.
10. We will prove that Dom (R) < (R;1) -1’ and Dom (R) > (R;1) -1’

Dom (R) = (R;}vl) v (by Def. Dom)
<(R;1)-1. (by monotonicity)

Dom (R) = (R;R) T (by Def. Dom)
= ((R-v51);(1- B51)) -0 (by Ax. 5 and BA)

> (R;1) 11 (by (2.2) and 2)

= (R;1) -1 . (BA)

The proof for Ran follows in a similar way.
11. The proof follows by 10 and [G. Schmidt et al. (1993)] Prop. 2.4.2.
12.

Dom (R+S) = ((R+S5);1) -1 (by 10)
=(R;1 + §;1)-0 (by Ax. 2)
= ((R;1) -T) + ((S;1) 1) (BA)
= Dom (R) +Dom (S) . (by 10)

The proof for Ran follows in a similar way.
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13.

o

Dom (R)
(by Ax. 4)
(by Def. Ran)

]%) (by Def. Dom)
R)
an (R)

I
:3/‘\/‘\

The proof for Ran ( R) follows in a similar way.
14. We will show that R;1 = Dom (R) ;1. The case with Ran is proved

analogously.
Dom (R) ;1> Dom(R);R;1 (by monotonicity)
=R;l. (by 11)

Also,

Dom (R) ;1= ((R;1)-1);1 (by 10)
< (R-1;1);(1- By1)31 (by (2.2) and 2)
< R;171 (by monotonicity)
=R;1. (by 3)

15. See [L. Chin et al. (1951)] Thm. 1.10.
16. By monotonicity we have

(R-T);S < R;S and (RT);S <T,S5.
Thus,
(R-T);S < (R;S)-(T;9) .

17. See [L. Chin et al. (1951)] Thm. 4.2.

18. See [G. Schmidt et al. (1993)] Prop. 4.2.2 (iv).

19. In order to prove this result we will use the following property of
Boolean algebras. Let R, S and T be arbitrary, then

R.S=0and R+S =T implies R=T-Sand S=T-R. (2.5)

We will begin by proving that the hypothesis of (2.5) are satisfied
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for suitable instantiations of R, S and T.

F;R-F;R=F;(R-R) (by 17)
=F;0 (by BA)

=0. (by 1)

F;R + F;R=F;(R+R) (by Ax. 2)
=F;1 (by BA)

= Dom (F);1. (by 14)

Then, once the hypothesis that allow the application of (2.5) has
been established, we proceed as follows:

Dom (F);F;R= Dom(F);1 - F;R (by 8)
- FR. (by (2.5))

20. The rationale of most proofs involving injective relations consists of
transforming the original property to a related property of func-
tional relations. This property is usually obtained by applying the
converse operator twice to some expression, which yields an ex-
pression equivalent to the original one. Once this new property has
been stated, known properties of functional relations are used.

For this specific case, since I is an injective relation, I is functional.

Then,
(R-S);I = ((R-8);1)°)" (by Ax. 4)

_ (f;(R-S)”)” (by Ax. 6)

= (i; (Rs)) (by 5)

— ((f;fg : (I”;§ ) (by 17)

= (LR)(1:8) (by 5)

= (1) - (8:1) (by Ax. 6)

= (R;I)-(S;I). (by Ax. 4)
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17

(by Ax. 4
(by Ax. 6

)
)
(by 15)
(by Ax. 6)
(by 19)
(by 15)
(by Ax. 6)
(by Ax. 4)
(by 11)

22. Since F < 1’, F is a functional relation. Then, F'; (R-S) = F;R - F;S.

By monotonicity,

F;:R.S<F;R.
Also,
F;R-S<F;1-8§
=F;S.
Then,
F;R-S<F;S.

Thus, by (2.6), (2.7) and BA,
F;R-S<F;R.F;S.
On the other hand,

F;R -F,;S<F;R-1;8
=F;R.S.

Then,
F;R-F;S<F;R-S.

(2.6)

(by monotonicity)
(by 8)

(by monotonicity)
(by Ax. 5)

(2.9)
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Joining (2.8) and (2.9),
F;:R-F;S=F;R-S.

The case when F' appears on the right hand side is proved analo-
ously.
gously. O
As a source for additional arithmetical properties of relation algebras, we
direct the reader to any of [L. Chin et al. (1951); G. Schmidt et al. (1993);
A. Tarski (1941)).



Chapter 3
Proper and Abstract Fork Algebras

3.1 On the Origin of Fork Algebras
Let us recall formula (2.4):
VeVyVz3u (ulz A ul'y A u0z).

We have already mentioned in a previous chapter that it is not equivalent
to any sentence of the calculus of relations. In order to overcome this
limitation, it seems enough to have some operator V and a binary function
* satisfying the following equivalence:

uRz A uRy = uRVR % (z,y) . (3.1)

Under these conditions we can proceed as follows:

VaVyVzIu (u0z A uly A ul’ 2)

<~ {by(3.1)}
VavVyVzAu (ul'z A w0 VO % (y, 2))
< {bydef of '}

VaVyVzdu (xd’u A w0 VO *(y, z))
< {bydef. of ;}

VzVyVvz (md’; (OV0) * (v, Z))
<= {by elementary logic }

VrVyVz (zﬁ’; OV0) x(y,2) < true)

19
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e {bydef of 1}

VrVyVz (xd’;(O’VO’)*(y,z) < zly A wlz)
< {by (3.1)}

Vavyvz (20 (O VO) * (y,2) <= lel*(y,z))
— (BrdeLors)

0; (OV0)=1V1.

Even though intuitively clear, the framed justification above needs an
extra assumption, namely, that all elements that can appear in the range
of RV S are indeed of the form %(a, b), for suitable @ and b. Thus, we define
the operator V (called fork) by the following formula from the elementary
theory of binary relations:

VzVy (xRVSy <= Judv(y =x*(u,v) A zRu A z5v)). (3.2)

The development of the classes of proper and abstract fork algebras (to
be introduced in Section 3.2) evolved around the meaning of the notation
x(z,y). The study on fork algebras begun in [A. Haeberer et al. (1991)]
when looking for a framework adequate as the foundation of a calculus for
system specification, construction and verification. There, fork algebras
are built using finite trees, i.e., the notation *(z,y) meant the tree with
subtrees = and y. In [P. Veloso et al. (1991)], the definition is changed and
finite strings are used instead of trees (the notation x(z,y) then meant the
concatenation of strings = and y). Thus, the base of a fork algebra changed
from a free groupoid to a free monoid. In [P. Veloso et al. (1992)], the base
set is once again made out of finite trees. In all the previously mentioned
articles, no axiomatization of the class of abstract fork algebras is given,
but rather some valid properties are stated (an incomplete set of properties
in every case). It was proved by Mikulss, Sain and Simon [S. Mikulés et al.
(1992)] that the class of ABR extended with an operator V defined as in
(3.2) with %(z, y) being either concatenation or binary tree formation is not
finitely axiomatizable. It is in [A. Haeberer et al. (1993)a] and its published
version [A. Haeberer et al. (1993)b] where the current axiomatization for
abstract fork algebras is first used, since the version presented in [P. Veloso
et al. (1993)] had an extra non-equational axiom necessary in order to
achieve representability. On the other hand, [P. Veloso et al. (1993)] use
the current definition of proper fork algebras (with x(z,y) denoting the
application of a binary injective mapping to z and y), while [A. Haeberer
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et al. (1993)a] and [A. Haeberer et al. (1993)b] still resort to finite trees.
In order to complete the definition of fork given in (3.2), we will request
* to be an injective mapping, i.e., it must satisfy the sentence:

VaVyVuVo (x(z,y) = x(u,v) = z=u A y=v) . (3.3)

In the following sections we get into the technical details in order to
define the classes of proper (also called standard) fork algebras and abstract
fork algebras.

3.2 Definition of the Classes

The class of proper fork algebras (PFA for short) is the extension of the
class of algebras of binary relations [B. Jénsson et al. (1952); A. Tarski
(1941)} with fork. The operator fork induces a structure on the base of
proper fork algebras. The objects, instead of being binary relations on a
plain set, are binary relations on a structured domain ( A, * ), where * is,
by (3.3), an injective binary function on A.

Definition 3.1 A star proper fork algebra is a two-sorted algebraic struc-
ture (R,U,U,Nn,”,0,E, 0,Id,~,V,*) with domains R and U, such that:

(1) (R,u,N,7,0,E,0,Id,~ ) is an algebra of binary relations on the
set U,

(2) *: UxU — U is a binary function that is injective on the restriction
of its domain to F,

(3) R is closed under fork of binary relations, defined by:

SVT = {{(z,*(y,2)): Sy A zTz} .

A graphical interpretation of V is given in Fig. 3.1. Notice that in
Fig. 3.1, in order to picture the fork of relations R and S, we use a two-
dimensional notation. Such notation will be used intensively throughout the
book in order to obtain shorter and (hopefully) more readable expressions.

In Def. 3.1(2), notice that E is a binary relation on U, and therefore the
restriction of U x U to FE is adequate. Proper fork algebras are obtained
as reducts (some operations and domains are forgotten) of star proper fork
algebras.
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w € R(z)

/

<
*

T

N

n

\z € S(z)

Fig. 3.1 The operator fork.

Definition 3.2 We define the class of proper fork algebras (denoted by
PFA) as RdxPFA, where the operation Rd takes reducts to the similarity
type (U’m?—,m’UxU’o’Id1v’z>'

Notice that proper fork algebras are obtained from star proper fork
algebras by forgetting the domain U and the function *.

Definition 3.3 A proper fork algebra is full if its universe is of the form
P(U x U) for some set U, and is square if its largest relation is of the form
UxU.

It follows immediately from Def. 3.3 that every full proper fork algebra
is square, and a square proper fork algebra whose largest relation is U x U
is a subalgebra of the full proper fork algebra with universe P (U x U). We
will denote the class of full proper fork algebras by FullPFA and the class
of square proper fork algebras by SPFA.

Theorem 3.1 Given a proper fork algebra A, there exist an index set I
and full proper fork algebras (U;);cr such that

2<%

i€l
Proof Follow the lines of the proof of Thm. 2.1 and prove that A is a
one-to-one fork algebra homomorphism. O

In Def. 3.1 the function * performs the role of pairing, encoding pairs
of objects into single objects. It is important to notice that there are x
functions which are distinct from set-theoretical pair formation, i.e., *(x, y)
differs from {z,{z,y}}.

Notice that in order to define a FullPFA 2, it suffices to provide the set
By and an injective mapping * : By x By — By.
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Given a PFA 2 with base By, it is possible to single out those elements
that do not represent pairs (if there are any). Notice that the term 1V1
stands for the binary relation

{{z,y) :z € By A VYu,v € By (y # *(u,v)) } .

Thus, the term Ran (1V1) distinguishes those elements from the base that
are not pairs. In what follows we will denote by 1’y the term Ran (m,
by 1y the term 1;1’y and by y1 the term 1'y;1. We will call the elements
from the base in the domain of 1’y urelements, and will denote the set of
urelements of a fork algebra 2 by Urely.

Under the previous definitions, the equation

1;ly;l=1 (3.4)

is valid in a proper fork algebra 2 only in case Urely is nonempty. We will
denote by PFAU the subclass of proper fork algebras with a nonempty set
of urelements (i.e., satisfying (3.4)). Also, we denote by SPFAU the class of
square proper fork algebras with urelements.

In the proof of several theorems to come, it will be necessary to explic-
itly construct proper fork algebras. By the ‘full fork algebra with set of
urelements U’, we mean the following construction:

(1) Construct the absolutely free groupoid {(U*, ) with set of genera-
tors U

(2) Construct the full fork algebra on the set U*, the operation V being
defined by the condition RV.S = { (z,*(y,z)) : Ry and zSz }

As a particular instance of the application of the operator fork, we have
the relation IdVId. When this relation is interpreted in a proper fork
algebra, it produces two copies of a given input element. Fig. 3.2 illustrates
its definition. This relation will be denoted by 2.

Given a pair of binary relations, the operation called cross (and denoted
by ®) performs a kind of parallel product. A graphic representation of cross
is given in Fig. 3.3. Its set theoretical definition is given by

R® S = {{x(z,y),*(w,2)) :xRwAySz}.

It is not difficult to check that cross is definable from the other relational
operators with the use of fork. It is a simple exercise to show that if V' is
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e
r V x

\Id

Fig. 3.2 The relation 2.

z R——w € R(x)
* ® *
y——S——z€ S(y)

Fig. 3.3 The operator cross.

the greatest relation in a proper fork algebra, then
R®S=(IdVV) " oR)Y((VVId)~ 0S).

Much the same as relation algebras are an abstract version of algebras
of binary relations, proper fork algebras also have their abstract counter-
part, the class of abstract fork algebras (AFA). As we will see in the next
definition, the class of abstract fork algebras can be axiomatized with a
finite set of equations, and therefore is a finitely based variety.

Definition 3.4 An abstract fork algebra is an algebraic structure
(R, +,-,7,0,1,;,1,%, V),
where (R, +,-,7,0,1,;,1,”) is a relation algebra and for all 7, s,t,q € R,
rVs=(r; (V1)) (5;(1V71)), (Ax. 8)

(rVs);(tVq) = (r;t) - (s;), (Ax. 9)
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(IV1)'V(1VT) <. (Ax. 10)

The class of simple abstract fork algebras (SAFA) contains those ab-
stract fork algebras satisfying formula (2.1). Those abstract fork algebras
that satisfy (3.4) are said to have urelements, and their class is denoted
by AFAU. The class of simple abstract fork algebras with urelements is
denoted by SAFAU. AtFAU denotes the class of atomic fork algebras with
urelements (i.e., fork algebras with urelements whose Boolean reduct is
an atomic Boolean algebra), and AtSFAU denotes the class of atomic and
simple fork algebras with urelements.

From the abstract definition of fork induced by the axioms in Def. 3.4,
it is possible to define cross by the equation

R®S = ((LV1)*;R) V (1VD)";S) . (3.5)

When interpreted in a proper fork algebra, the relations (1’ V1)” and
(1VY1)” behave as projections (they are actually called quasi-projections),
projecting components from pairs constructed with an injective function
*. We call them 7 and p respectively. They will allow us to cope in
further sections with the lack of variables over individuals in the language of
abstract fork algebras. Figure 3.4 illustrates the meaning of these relations.

Fig. 3.4 The projections 7 and p.

Notice that under the previous definitions of 7 and p, (3.5) can be spelt
in a simpler form as follows:

R®S =(m;R)V (p;9) .
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3.3 Arithmetical Properties

Theorem 3.2 The following properties hold in all fork algebras for all
relations ', I, R, S, T and U.

(1) (RVS);2=R-S.
(2) (RVS);m=Dom(S);R and (RVS);p= Dom(R);S.
(3) R; (SVT) < (R;S) V (R;T).
(4) Let F be functional, then F; (RVS) = (F;R) V (F;S).
(5) If F <1 then (F;R)VS =F; (RVS).
(6) (RVS)-(TVU)=(R-T)V (S-U).
(7) (R®S)” = R®S.
(8) (R®S) - (ToU) = (R-T) & (S-U).
(9) (RVS); (T@U) = (R;T) V (S;V).
(10) (R®S) ; (TOU) = (B;T) & (S;0).
(11) (R+8)®T = (R®T)+(S®T), i.e., ® is additive. Similarly,
RR(S+T) = (R®S)+(ReT).
(12) (R®Y);m=m;R and ('QR) ;p = p;R.
(13) The relations © and p are functional.
(14) #;p=1.
(15) Dom (mw) = Dom (p) =1'®1".
(16) Dom (m;R) = Dom (R) ® and Dom (p;R) = I’ ® Dom (R).
(17) (R®1);2% = Dom (Y ®R);2) ;p.
(18) Let F be functional, then® - 1; ('VF)=1VF.
(19) If I is injective, then (I' ® R;I);2 = Dom ((f@R),é) ;7 and

(R;I ® 1) ;2 = Dom ((R®f);,§) ;P
(20) ('®1');R®S; ('®l") = (Rel) + (185).

Proof

1. If we recall that 2 equals 1’ V1’, then the property follows immediately
applying Ax. 9.
2. We will prove the first property, namely, that

(RVS);m=Dom(S);R.
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We then proceed as follows.

(RVS);m=(RVS);(V1)y (by Def. )
=R;7 - 51 (by Ax. 9)
=R-5;1 (by Thms. 2.3.6 and 2.3.2)
=R - Dom(S);1 (by Thm. 2.3.14)
= Dom (S) ;R. (by Thm. 2.3.8)

The case with p follows in a similar way.

R; (SVT)=R; (S;% - T;p) (by Ax. 8)
< (R;S8;1) - (R;T;p) (by Thm. 2.3.16)
=(R;S)V(R;T). (by Ax. 8)

F;(RVS)=F;(R;% - S;p) (by Ax. 8)
= (F;R;%) - (F;8;p) (by Thm. 2.3.17)
=(F;R)V (F;S). (by Ax. 8)

F;RV S=F;R;% - S;p (by Ax. 8)
=F;(R;® - S;p) {(by Thm. 2.3.22)

=F;(RVS). (by Ax. 8)
(RVS)-(TVU)=R;x - S;p-T;% - U;p (by Ax. 8)
=Rix - Ti%t - S;p-Usp (by BA)

=(R-T);% - (S-U);p  (by Thm. 2.3.20)
=(R-T)V (S-U). (by Ax. 8)
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(R®S)" = (m;R V p;S)~ (by (3.5))
= (m;R; %t - p;S;B)” (by Ax. 8)
= (m;R;7)"-(p;S;8)° (by Thm. 2.3.5)
= R:¥ - ;‘ui;Sv';;”) (by Ax. 6)
=m; Ryt - p; 835 (by Ax. 4)
= (W;R) \Y (p;g') (by Ax. 8)
= R®S. (by (3.5))

(R®S) - (T®U) = ((m;R) V (p;9)) - (m;T) V (p;U)) (by (3.5))
=mRi% - p;S;p - m;T5% - p;U;p (by Ax. 8)
=m; (R-T) 5% - p; (S-U)sp

(by Thms. 2.3.17, 2.3.20)

= (m; (R-T)) V (p; (S-U)) (by Ax. 8)

= (R-T)®(S-U). (by (3.5))

(RVS); (TeU) = (RVS) ;((TQU)") (by Ax. 4)
= (RVS);(Tol)" (by 7)

= (RVS);(m;T V p;U)" (by (3.5))

(pU))  (by Ax. 9)
(by Ax. 4, Ax. 6)
;TYV(S;U) . (by Ax. 8)

(R®8); (T®U) = ((m;R) V (p;9)) ; (TeU) (by (3.5))
= (m;B;T) V (p;S;U) (by 9)
= (R;T)® (S;U). (by (3.5))
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11.
(R+85) ®T = (r; (R+5)) V () (by (3.5))
=m; (R+S8) ;% - p;T;p (by Ax. 8)
= (m;R;% + m;S;%) - p; T (by Ax. 2)
= (m;R;®t - p;T5p) + (m; 8% - p;T5p) (BA)
=((mR)V (p;1)) + ((m;8) V (p;T))  (by Ax. 8)
= (RQT) + (SQT). (by (3.5))
The other case follows in a similar way.
12.
(ROY);m=(m;RV p);m (by (3.5))
=(mRV p); (V1" (by Def. =)
=mR;T - p;1 (by Ax. 9)
=m;R. (by Thm. 2.3.16)
The case with p follows in a similar way.
13.
= (V1)) (V1) (by Def. )
=(I'V1);(1T V1) (by Ax. 4)
=17 - 11 (by Ax. 9)
=171 - 151 (by Thms. 2.3.6 and 2.3.2)
=1-1 (by Ax. 5 and Thm. 2.3.3)
=1. (by BA)
The proof for p is analogous.
14.
;0= (('V1)");QAVLYYy (by Defs. 7 and p)
=(I'V1);1Vry” (by Ax. 4)
=(r;1) -(;;1) (by Ax. 9)
=(1;1) - (1;1) (by Thms. 2.3.2 and 2.3.6)
=11 (by Ax. 5)

=1 (by BA)
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15. In order to show that Dom (7) = 1’®1 we will show that m;1 =

(I®1);l.

Yml=1e71);m;1
<(I'el);151
=(1'®r);1.

>) ml=m1;1
= (m;1-1);1
> (m% - p;p) ;1
= (I'®l);l.
The proof for p is analogous.
16.
Dom (m;R) = (m;R;1) -’
= (m;Dom (R) ;1) -1
< (m;Dom(R) - 1';1)

; (1 - Dom(R);%;1')
= m;Dom (R) ;Dom (R) ;#
= 7; (Dom (R) - Dom (R)) ;i

= m;Dom (R) ; %.
Also,

Dom (m;R) = (m;R;1) -’
<(m1) v

Thus,

(by 9)
(by monotonicity)
(by Thm. 2.3.3)

(by Thm. 2.3.3)
(by BA)

(by monotonicity)
(by (3.5))

(by Thm. 2.3.10)
(by Thm. 2.3.14)

(by (2.2))

(by Ax. 5 and BA)

(by Thm. 2.3.7)
(BA)

(by Thm. 2.3.10)
(by monotonicity)
(by Thm. 2.3.10)
(by 15)

(by Def. Dom)
(by monotonicity)

Dom (m;R) < (m;Dom (R) ;%) (p;p) = Dom(R) ®71 .



Arithmetical Properties 31

Let us show now the other inclusion. First, let us note that

Dom (R) ®1' =m;Dom(R) V (by (3.5))
=m;Dom (R) ;% - ;,5 (by Ax. 8)
<m;Dom(R);1 (by monotonicity)
=m;R;1. (by Thm. 2.3.14)

Second, note that by monotonicity Dom (R) ®1' < 1’®71’, and

since by Ax. 10, ’®1’ < 71’, by transitivity Dom (R) 1" < 1.
Thus,

Dom (R) ®1" < (m;R;1) -1’ = Dom (m;R).

17. First, note that

(R@l’) 2=mR-p (by (3.5) and Ax. 9)
< (- piB); (B - #50)) (by (2.2))
= (- iR (B-1)) (by 14)
< ((r - p;R);1)-p (by monotonicity)
= (Dom(m - p;R);1) -p (by Thm. 2.3.14)
=Dom(m - p;R) ;p (by Thm. 2.3.8)
= Dom ((x V p;R);é) 7 (by Ax. 9)
= Dom (( ®R); ) ;p. (by (3.5))

In order to prove the equality we will reason as follows. First, note
that the relation Dom ((1’®R 2) ;p is functional. Since we have
already shown that (R®1);2 < Dom (v ®R);72) ;0 by Thm.
2.3.18 it suffices to show that

Dom ((ﬁ@l’);é) > Dom ((I'®R);2) .
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We proceed as follows.

Dom ((R@l’);?) = Dom ((7r;}u2 v p);é)

(by (3.5))

= Dom ((ﬂ';R . p)w) (by Ax. 9 and Ax. 4)

= Dom (((m:8)" - p)")
= Dom ((R;% - p)")

= Dom ((RVY1’)")

= Ran (RVYT’).

We also have

Dom ((’'®R);2) = Dom ((m V p;R);2)

(by Thm. 2.3.5)

(by Ax. 6 and Ax. 4)

(by Ax. 8)
{(by Def. Dom)

(by (3.5))

= Dom (((m - p;R)")") (by Ax. 9 and Ax. 4)

= Dom (( - (p;R)")")
= Dom <(7”r : R;ﬁ)“)
= Dom ((1’ vé)“)

= Ran(I'VR).

(by Thm. 2.3.5)
(by Ax. 6)
(by Ax. 8)
(by Def. Dom)

We will finally show that Ran (RV1) > Ran('VR).

Ran (RVY) = (1;(RVY1)) -1
= (L (Rt - p) -1
> (1B (R - p) -1

~(u

(
= (1; (R (7“r;p)) s (R p”)) v (by 14)

(by Thm. 2.3.10)
(by Ax. 8)

(by monotonicity)

(BA)

(by (2.2))
(by Ax. 8)
(by Thm. 2.3.10)
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18. In order to prove the equality we will prove both inclusions.

* . 1;(0VF)
> (V1) - 1I;(PVF) (by Def. 7 and monotonicity)
=(V1)-(VF) (by Ax. 5)
=(I'-1 V1.F) (by 6)
=1 VF. (by BA)
1; (L' VF)
< @- (UVL;RVE)Y); (UVE - (1;(1'V1)) (by (2.2))
— (UV1);(UVE); (UVF - (15 (V1)) (by BA)
=(I'V1);(YVE)Y;(’VF) (by monotonicity)
= (1’- 1-17“) L (UVEF) (by Ax. 9)
- (1’ 1; ) (I'VF) (by Thm. 2.3.6)
= (- ( F“) )i VE) (by Thm. 2.3.5)
=(v-F P 1) (0 VF) (by Thm. 2.3.6 and Ax. 6)
=(l' . F;1);(’VF) (by Thm. 2.3.2 and Ax. 4)
= Dom (F); (V'VF) (by Thm. 2.3.10)
= Dom (F) V Dom(F);F (by 4)
=Dom (F)VF (by Thm. 2.3.11)
=1VF. (by 5)

19. Since the proofs of both properties are analogous, we will focus on
the first one. In order to prove the equality we will prove both
inclusions. Note first that by Thms. 2.3.8 and 2.3.14,

Dom ((f@R);é) r=(I®R);2;1 -«

(I'® R I);2=n- p;R;I (by (3.5) and 1)
< . (by BA)
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Also,
('® R;I);%

=7 - p;R;1 (by (3.5) and 1)
=7 - p;R;I;Ran (I) (by Thm. 2.3.11)
=m;Ran(I) - p;R;I (by Thms. 2.3.22 and 2.3.20)
=m;(L;1- 1) - p;R;I (by Def. Dom)
<mI;I - p;R;I (by monotonicity)
=(m;I - p;R);I (by Thm. 2.3.20)
<(mI-p;R);1 (by monotonicity)
= (I®R);2;1. (by (3.5) and 1)

Thus,

(e R;I);2 SDom((f®R) ;72) ¥ g

Let us now prove the other inclusion. For this, note that by (3.5)
and 1,

1 @ R;I) B=n-pR:I.

Then,
Dom <(f ®R) ;é) i m < (by monotonicity)
=. (by Ax. 5)
Also,
Dom(({®R); 3);
= Dom(m;I - p;R);7 (by (3.5) and 1)

= (((w,f . p;R);(m; T - p;R)”) -1’) ;7 (by Def. Dom)
= (((W;f - i R); (1% - R;ﬁ)) -1’) 2

(by Thm. 2.3.5 and Ax. 6)
<p;R;1;%;w (by monotonicity)
<p R LY (by 13)
=p;R; I (by Ax. 5)
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Thus,
Dom ((T®R) 2) < (@ RiI) ;2.
20.
(I'®1);ReS; (o)
=(®1);mR;% - p;5;5; (I'®1') (by (3.5) and Ax. 8)

=(Uer); (m;R% + p;5;5) ; ('®1) (by BA)
~ (re1);mRF; (VoY)

+ (I'®V);p;9:5; (1) (by Ax. 2)
=mRi%t + p;S;p (by 15 and Thms. 2.3.19, 2.3.21)
=(mR;% - 1) + (1 p;5;p) (by BA)

= (m;R;i# - Dom () ;1; Dom ())
+ (Dom (p) ;1;Dom (p) - p;S;p) (by Thm. 2.3.22)
= (m;R;1t - Dom(p) ;1; Dom (p))

+ (Dom () ;1;Dom (7) - p;S;p) (by 15)
= (m;Ri% - p;1;8) + (m;1;% - p;S;5) (by Thm. 2.3.14)
= (R®1) + (185). (by (3.5) and Ax. 8)

O
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Chapter 4

Representability and Independence

Abstract fork algebras arose in the search for an abstract formalism suit-
able for systems specification and verification. As we will see in further
chapters, their expressive power allows us to cope with different specifica-
tion formalisms. Also, the calculus of abstract fork algebras with its simple
equational rules allows non experts to understand and use the calculus.
If specifications are to be written as formulas in the language of abstract
fork algebras, we need an easily understandable semantics for these speci-
fications. Obvious candidates are the abstract fork algebras, but it is not
at all clear what these algebras look like. Better candidates to play this
role are the proper fork algebras. They are particularly adequate because
their universe made of binary relations and their simple operators can be
understood even by non mathematicians. The previous remarks show that
it is important to determine the relationship between proper and abstract
fork algebras. The ideal situation would be for proper and abstract fork
algebras to be the same thing. Since abstract fork algebras are models of
a set of equations, the class is closed under isomorphisms, and therefore,
the best we can expect is for abstract fork algebras to be isomorphic to
proper ones. This is known as the representability problem for abstract
fork algebras. The solution to this problem was obtained independently by
Frias-Haeberer-Veloso [M. Frias et al. (1997)b] and by Gyuris [V. Gyuris
(1995)]. In Section 4.1, and using as a central result a theorem due to
Tarski [A. Tarski (1953)] on the representability of quasi-projective rela-
tion algebras (and generalized by Maddux in [R. Maddux (1978)]), we will
present the representability theorem for abstract fork algebras.

As a corollary of the representability theorem, the axioms for abstract

37
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fork algebras provide a finite (and equational) axiomatization for proper
fork algebras. In Section 4.2 we prove the independence of these axioms
(i.e., we prove that none of the axioms can be deleted from the axiomati-
zation).

4.1 Representability of Abstract Fork Algebras

Definition 4.1 We define the class of representable fork algebras as
IPFA, the closure under isomorphism of proper fork algebras.

The class of representable fork algebras will be denoted by RFA.
In the next lemma we prove that relations 7 and p are a pair of quasi-
projections as defined in [A. Tarski et al. (1987), p. 96].

Lemma 4.1 The relations m and p are functional. Moreover, the equation
#;p = 1 holds in every abstract fork algebra.

Proof By Thms. 3.2.13 and 3.2.14. O

Relation algebras with projection elements have been widely studied.
In [A. Tarski et al. (1987)], relation algebras having functional elements
A and B satisfying A;B = 1 are called quasi-projective relation algebras
by Tarski and Givant, and Maddux [R. Maddux (1989)] calls structures
(R, A, B) (R a relation algebra), pairing relation algebras. From Lemma
4.1 we immediately obtain the following corollary.

Corollary 4.1  The relation algebra reduct of any abstract fork algebra
is a quasi-projective relation algebra. Moreover, if we call R the relation
algebra reduct of a given abstract fork algebra, then any structure (R, m, p)
is a pairing relation algebra.

As the next step we will prove that the axioms characterizing abstract
fork algebras are satisfied in any proper fork algebra, thus establishing that
RFA C AFA.

Theorem 4.1 RFA C AFA.

Proof By Thm. 3.1, PFA = ISP FullPFA. Since the axioms of AFA are
equations and equations are preserved under I (isomorphisms), S (subal-
gebras) and P (products), it suffices to show that for every 2 € FullPFA,
2 satisfies axioms Ax. 1-Ax. 10. Therefore, for the remaining part of this
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theorem, let 20 € FullPFA. Notice that the reduct of % to the similarity
type (U,N,”,0,U x U, o, Id,~ ) is an algebra of binary relations, thus sat-
isfying Ax. 1-Ax. 7 characterizing RA. To shorten notation we will denote
the relation U x U by V.
In order to show that Ax. 8 holds in 2, we will prove that for any binary
relations R, S € A, RV.S = (Ro (IdVV)) N (So (VV Id)).
xRV Sy
< {bydef. V}
Ju,v (zRuAzSv Ay = *(u,v))
< {bydef Id and V'}
Ju, v(zRu Auldu AuVv AzSv AvVuAvidv Ay = *(u,v))
< {bydef V}
Ju,v (zRuAuldVVyAzSvAvV Y Idy)
<= {elementary logic}
Ju(zRuAuldVVy)AJu(zSvAvVVIdy)
<= {bydef o}
zRo (IdVV)y A zSo (VY Id)y
<= {bydef. N}
z{(Ro (IdVV))N (So (VVId))y .
In order to prove that Ax. 9 holds in 2, we will prove that for any binary
relations R, S, T and Q, (RY.S) o(TY.Q)~ = (Ro T) N (So Q).

z(RY.S)o(TYQ) "y
< {bydef o}
Ju(zRVSuAuw(TVQ) y)
<= {bydef —}
Ju(zRVSuAyTYQu)

< {bydef V}

Ju, vy, vo, w1, wa(z Rvy A zSwy A u = *{vy,w;)

A yT vy AyQua A u = x(vg, wz))

<= {by = injective }

v, w(zRvAzSwAyTv AyQu)
<= { by elementary logic and def. ~ }

Fv, w (mRv A vffy AzSw A wa)
<> {bydef o}

zRo fy AzSo Qy
< {bydef N}

z(Ro T) N (S0 Q)y .
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Regarding Ax. 10, in order to show that it holds in 2, we will show that
(dVYWVY"Y(VVId)™ CId.

2(IdYV)~ (VY Id)~y
= {bydef V}

Fu, v(z(IdV V) uAz(VNYId) " v Ay = *(u,v))
= {by def. —}

Fu,v(uldVVa AvVVIdz Ay = *(u,v))
= {bydef V}

Ju, v, v/, v'(uldu AvIdv' Ax = *(u',v') Ay = *(u,v))
= {by def. Id}

Fu, v, v’ v (u =1 Av=v" Az =*u/,v) Ay = *(u,v))
= {by * function }

T=y. a

Lemma 4.2 Consider 2 € SAFA with relation algebra reduct A'. Given
a relation algebra homomorphism h : A' — B into a square algebra of
binary relations B, there exists an expansion of B to B* € SPFA so that
h: U — B* is a fork algebra homomorphism.

Proof The algebra B consists of relations on a set U, with largest element
V=UxU.

Since the quasi-projections m,p € A’, h(7),h(p) € B.

By Lemma 4.1, 2l satisfies:

tp=1, w7V, pp<l.
Thus,
(h(m)) oh(p)=h(1)=V,

h () is a functional binary relation,

h(p) is a functional binary relation.
We define the relation F C (U x U) x U by
((a,b),c) € F = (c,a) € h(m) and (c,b) € h(p) .

(1) V = Dom (F).
Given (a,b) € V, since V C (h (7)) oh(p) there exists ¢ € U such
that (a,c) € (h(7))~ and {c,b) € h(p). Thus, {{(a,b),c) € F.
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F is functional on V.

Let ({(a,b),z),{{a,b),y) € F. Then (z,a) € h(w), (z,b) € h(p),
(4,0) € h(r) and (y,b) € h (p).

Thus, (z,y) € (h(7) o(h (7)) ") N (h(p) o(h(p)) ™).

But, by Ax. 8 and Ax. 10 in Def. 3.4, 2’ satisfies (m;#) - (p;p) < 1,
thus

(h(m) o (h(m)™") O (k () (R (p))7) Ch (V) = Id.

Hence, z = y.

F is injective on V.

Consider (a,b), (c,d) € V such that ((a,d),2),({(c,d),2) € F for
some z € U.

Then (z,a),(z,¢) € h{m) and (z,b), (z,d) € h(p). Since h () and
h (p) are functional binary relations, a = ¢ and b = d.

Hence, the restriction of F' to V gives a well-defined injective function
x: V — U such that

x(a,b) =c¢ = {c,a) € h(m) and (c,b) € h(p) . (4.1)

We expand ‘B to B* € PFA by defining

RV S = {{z,*(y,2)) : (z,y) ER A (z,2) € S}.

In order to show that B* is closed under V, let us prove that

&

54

h(R) YR (S) = (h(R) oh(m)7) N (A(S) oh(p)7) - (4.2)

h(R) Y h(S)y
{by def. ¥V }

Ju, v(zh(R)u Azh(S)v Ay = *(u,v))

{by (41))

Ju,v(zh(R)u Auh(m)~"y Azh(S)v Avh(p)~ y Ay = *(u,v))
{by def. o}

zh(R)oh(m)~y Azh(S)oh(p)~y

{ by def. N}

2(h(R)oh(r)=) N (h(S)oh(p) =)y

We will now see that h is a fork algebra homomorphism from 2 into B*
(i.e., we will show that h preserves fork).
Consider r,s € A.
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h(rVs)
= {by Ax. 9}
h((r;#) - (s35))
= {h is a relation algebra homomorphism }
(h(r) o(h(m))7)N (h(s) o(h(p))7)
= {by (42)}
h(r)V h(s) . O
Lemma 4.3 AFA =1SP SAFA.

Proof In|[B. Jénsson et al. (1952), Thm. 4.14] Jénsson and Tarski proved
that simple relation algebras are subdirectly indecomposable. This result
also holds for fork algebras, since a subdirect decomposition of a fork algebra
induces a subdirect decomposition of its relation algebra reduct. Joining
this with Birkhoff’s theorem on the decomposability of arbitrary algebras
in terms of subdirectly indecomposable ones [G. Birkhoff (1944)], we prove
inclusion C. Inclusion 2 follows because AFA is a variety, SAFA C AFA,
and equations are preserved by I, S and P. a

In the proof of Thm. 4.2 we give below, we use the result announced
in [A. Tarski (1953)] on the representability of quasi-projective relation
algebras. This theorem is one of the central topics in algebraic logic, and
different kinds of proofs for it can be found in [A. Tarski et al. (1987),
Thm. 8.4(iii)}, [R. Maddux (1989)] and elsewhere.

Theorem 4.2 Given A € AFA, there exists B € PFA isomorphic to 2.

Proof In view of Lemmas 3.1 and 4.3, it suffices to prove that simple
fork algebras are representable.

Given 2 € SAFA, by Cor. 4.1 its relation algebra reduct 2’ is a simple
quasi-projective relation algebra. Thus, since quasi-projective relation al-
gebras are representable [A. Tarski et al. (1987), p. 242}, there is a relation
algebra isomorphism A : 2 — B onto an algebra of binary relations 8.
Since 21’ is simple, we can assume that B is square [A. Tarski et al. (1987),

p. 239].
By Lemma 4.2, 98 can be expanded to B* € SPFA, in such way that
h: 2 — B* is a fork algebra isomorphism. C

Theorem 4.3 AFA = RFA.

Proof It follows from Thm. 4.2 that AFA C IPFA = RFA. By Thm. 4.1,
RFA C AFA. O
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A direct consequence of Thm. 4.3 is that the classes of proper and ab-
stract fork algebras share the same first-order theory. This result on the
elementary equivalence of the classes is extremely useful in our setting,
since first-order formulas in the language of fork algebras now have a clear
meaning when being considered as assertions about binary relations (or
programs). It will be shown in Section 7.5 that, while equations suffice
to express algorithms, first-order formulas about relations can be used to
describe design strategies for program development. This adds a new di-
mension to the development of algorithms within fork algebras.

4.2 Independence of the Axiomatization of Fork

The fact that the class of fork algebras is a finitely based variety leaves
open the problem of whether the axiomatization adopted has superfluous
axioms. This is known as the independence of the axioms that characterize
fork. Avoiding superfluous axioms is important because fewer axioms make
the calculus easier to understand. Also, it may have a positive impact in
the performance of semi-automatic theorem provers. In this section we will
show that the axioms that characterize fork (Ax. 8-Ax. 10 from Def. 3.4) are
independent. In order to show the independence of a finite axiomatization
A ={A;,...,A,}, it suffices to show that for each i, 1 < i < n, there
exists an algebra 2; such that

In the particular case of fork algebras, given proper subsets of the ax-
iomatization we will construct algebras satisfying (4.3) by analyzing the
meaning of the missing axiom towards the representability of fork algebras.

In what follows, we will denote the set containing formulas Ax. 8-Ax. 10
from Def. 3.4 by Azmvy.

Theorem 4.4 The set of axioms Axzmy defining fork is independent.

Proof In order to show that Ax. 8-Ax. 10 are independent, we will
present algebras of binary relations ?;, 1 < ¢ < 3, and operations V;,
1 < i < 3, such that* (%;,V.,) F Azmy \ {Azm. i} but (2, V,)
Azm. i. In the proof of Lemma 4.2, Ax. 8-Ax. 10 are used in order to

*Given an algebra 2l and an operation @ : A™ — A, by (2, ®) we denote the extension
of the algebra 2l obtained by adding the operation @.
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prove that the relation F' is indeed an injective function as required (see
Def. 3.1). Thus, each axiom imposes some properties on this relation F.

In order to prove that Ax. 10 is independent of Ax. 8 and Ax. 9, notice
that Ax. 10 is used in Lemma 4.2 to show that F is functional. Let us
define 23 as Re(INT), the full algebra of binary relations on the set IN* of
all positive natural numbers, and let V5 be defined for R,S C IN* x IN*
by

RV 38 ={(m,2"«*3%) :mRn A mSp}
U{(m,5"*«7?) :mRn A mSp} . (44)

In (4.4), F is the (non functional) injective binary relation
{{(m,n),2™ %3 :m,ne N* } U {{(m,n),5™*x7") :m,ne N }.

It is clear that 23 is closed under V4. Let V be a shorthand for the
binary relation INT x INT. Notice that

IdV3V ={(m,2™ 3" :mne Nt }u{(m,5™«7) :m,n e Nt}
and
VVsld={(m,2"*3™) :mne Nt }U{(m,5" «+7™) :m,n € Nt }.
Then, given binary relations R, S C IN* x IN*t,

Ro (Id¥3V) = {(m,2"x3?) :pe Nt A mRn}
U{(m,5"*7”):p€]N+ A mRn}

and

S0 (V¥sld)={(m,2"*3") :n € INT A mSp}
U{(m,5"*7"):neINt A mSp} .

Thus,

Ro (IdV3V) N So (VVsld) = {{m,2" *x3) :mRn A mSp}
U{(m,5" *7") :mRn A mSp}
— RVY,S.

Then, (A3, V3) | Az. 8.
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Given binary relations T,Q C INt x INT,

(TV3Q)~ = { (2" +3%,m) i mTn A mQp}
U{{E"*7 m): mTn A mQp} .

Then,

(RV38)o(TY3Q)™
={(a,b) : de,d(aRc A aSd A bTc A bQd)}
= {{a,b) : de(aRc A bTc) A Id(aSd A bQd)}

={<a,b) :3c(aRe A ¢Ta) A 3d(aSd A déb)}

= { {(a,b) : Je(aRe A c’fa) } N { (a,b) : 3d(aSd A déb)}

—RoT NSoQ .

Thus, (A3, V4) = Az. 9.
Let us show now that Ax. 10 does not hold in the structure (s, V).

By definition of V4,

(Id¥3V)~ = {(2™%3",m) :m,n € Nt}
U{{™*x7™ m):mneNt}

and

(V¥sId)™ ={(2"*3™,m):m,n e IN" }
U{(E"*«7",m):mneNt} .

Then, the relation { (2™ %3",5™ %7"):m,n € INT } is contained in
(Id¥sV) " Y4(VY4ld)~. Thus, (Id¥,V)~ Ys(VV,1d)"~ £ Id.

Let us now prove that Ax. 9 is independent from Ax. 8 and Ax. 10.

In the proof of Lemma 4.2, Ax. 9 is used when proving that F is a total
and injective binary relation. Since only Ax. 9 is used when proving these
properties, violating any of them should provide good examples of algebras
satisfying Ax. 8 and Ax. 10 but not Ax. 9. In order to violate the injectivity,
let us consider the relation F' C (IN x IN) x IN defined by

F={{{z,y),0): z,ye N} .
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If we define 25 := PRe (IN) and define for arbitrary binary relations R, S C
INxIN

RY,S ={{(m,F(n,p)) :mRn A mSp},
it is trivial to show that

(1) RVY,S8 = {(m,0) : m € dom(R) A m € dom (S) },
(2) (U2, V,) E {Az. 8, Az. 10} but (As, Vo) j~ Az. 9.

In a similar way, if we want to violate the totality of F', we can define
F={{m,m),m): meN} .
In this case it is easy to check that

(1) RY,S = RN,
(2) (U, V,) k= { Az. 8, Az. 10}, but (2, V) b Az. 9.

But, probably, the easiest way to prove that Ax. 9 is independent of the
other axioms is defining’ F = §. In this case, RV,S = 0 for all binary
relations R, S C IN x IN. It is trivial to prove that (ng, 2) |E Az. 8 and
(™2, Vo) = Az. 10. On the other hand, (VV,V)o(VV,V)7 =0#V =
(Vo V) (Vo V). Thus, (s, V,) = Az. 9.

Finally, let us consider the most interesting case, in which we prove that
Ax. 8 is independent from Ax. 9 and Ax. 10. In Lemma 4.2, Ax. 8 is used
in order to show that V is definable in terms of the relations (1'V1)” and
(1V1)". This suggests that ¥V, can be defined by cases, giving ad-hoc
definitions for IdV,V and V'V Id.

Let U = {a}, and let (U*, %) be the free groupoid with set of generators
U. Let 2; := Re(U*). The binary operation V defined by RV.S =
{{z,y*z) : 2Ry A xSz} satisfies axioms Ax. 8-Ax. 10. Let us define the
operation V, as follows:

(RVS)UId, ifR=1Idand S=V,

RV S otherwise .

The relation Id, is defined by Id, = {{(a,a) }. Let us start by showing
that, in effect, (21, ¥ ;) = Ax. 8. Notice first that [dV,V = (IdVV)UId,.

tThis was called to my attention by Paulo Veloso in a private communication.
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On the other hand,

({do (Id¥, V)N (Vo (VY 1d))
= (IdY,V) N (Vo (VY 1d))
= (IdYV)U Id,) N (Vo (VY Id))

= (Y V)N (Vo (VY Id)] U [ldy 0 (Vo (VY IA))) .
~ g

B

Let us analyze relations A and B. Regarding A, since Vo (VVId) D
1dVV, A = IdVV. For relation B, since the range of 1’, is contained in
U, and the range of Vo (VV Id) is contained in U* \ U, B = @. Thus,

(Ido (IdV V) N (Vo (VY,Id)) = IdVV .

Since IdVV # (IdVV)U Id,, (21, ¥V ;) - Az. 8. It only remains to be
shown that axioms Ax. 9 and Ax. 10 are satisfied in (24, V).
That Ax. 10 is satisfied is easily checked as follows:

(Id¥,V)~ Y (VY Id)” = ((IdV¥V)U Id,)~ V., (VVId)~
= ((I[dVYV)U Id,)" VY (VY Id)™ .

Since V is additive,
(I V) U Ida)™ Y(V Y Id)~

= (dYV)"V(VVId)"|U[ld, Y (VVId)7] .
~ ~

B

By Ax. 10, A < Id. For relation B, since the domain of Id, is contained
in U and the domain of (V¥ Id)™ is contained in U* \ U, B = {). Thus,

(d¥, V)" (VN, Id)™ C Id

as was to be shown.

Let us check at last that Ax. 9 is also satisfied. Notice that by definition
of ¥V, we can always write RV S as (RV.S) U , where « can take the
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values Id, or . Given R, S,T,Q C U* x U*,

(RY18)o(TV,Q)”
=((R¥S)Ua)o((TYQ)UB)™ (by Def. V)
= (RY.S)o(TVQ)™ U ao(TVQ)~
U (RYS)o B Uao § . (Y additive)

Since ran () and dom ((TV,Q) ™) are disjoint, ao(TVQ)™ = §. Also,
since ran (RY S) and dom(f3) are disjoint, (RV.S) o B= 0. Thus

~

(RV,5)o(T¥,Q)” = (RYS) o(TVQ)™ U ao f8

(by previous discussion)

~

=(Rof ﬂSoQ)UaoE. (by Ax. 9)

The following table shows the pairs of values (e, 8) for all possible values
of R, S, T and Q.

(1,4
(R, S)

(Id,Vy | (Ida,Ids) (Id,,0)
other (0, Id,) (0,0)

(Id,V)  other

In the case (R,S) = (Id,V) and (T, Q) = (Id,V), ao E: Id,old, =
Id,. Then

(Rof msoé) U ao f=IdNV)Uld,=Id=RoT N SoQ .

For the remaining cases, notice that ao 8= 0, and thus

(Rof; nSoZQ) UaOEzRoiF ﬂSoé.



Chapter 5

Interpretability of Classical
First-Order Logic

Classical first-order logic is a formalism suitable for the specification of
certain views of systems. It has a good expressive power and is relatively
easy to understand by non mathematicians. Since we are establishing the
foundations of a calculus for system specification and verification using rela-
tional methods, it seems natural to study the relationship between classical
first-order logic and the fork algebra calculus. Actually, as part of the soft-
ware development process we will translate (interpret) classical first-order
specifications into relational specifications. Such translation has to be well-
behaved in some sense. A possible way to formulate this good behavior is
by requiring the translation to be semantics-preserving. In this chapter we
will define the translation from classical first-order logic to the fork algebra
calculus, and prove the semantics-preservation theorem.

5.1 Basic Definitions

Tarski defined in [A. Tarski (1941)] the elementary theory of binary rela-
tions as a logical counterpart of the class of algebras of binary relations. In
a similar way we will define an elementary theory of fork relations (ETFR
for short) having as target the definition of the class of proper fork algebras.

Definition 5.1 Given a set of constant symbols C and a set of function
symbols with arity F', the set of individual terms on C and F (denoted by
IndTerm(C, F)) is the smallest set A satisfying:

(1) IndVar UC C A,
(2) If f € F has arity k and tq,...,tx € A, then f(t1,...,tx) €A .

49
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Definition 5.2 Given a set of constant relation symbols P, the set of
relation designations on P (denoted by RelDes(P)) is the smallest set A
satisfying:

(1) RelVaru{0,1,17 }UP C A,
(2) If R, S € A, then {F,E,R+S,R-S,R;5,Rvs} CA.

Definition 5.3 Let u be a symbol, then u* is the smallest set A satisfying:

(1) uw e A,
(2) if z,y € A, then the expression x(z,y) also belongs to A.

Elements of u* are called arities. The arity x(u, x(u, - - - )) with k occurrences
of u will be denoted by the number k. We will in general write ux---%u
(k occurrences of u) instead of *(u, x(u, - --)). For instance,

4 = x(u, *(u, *(u,u))) = uxu*u*u.
Definition 5.4 Given a set of constant symbols C and a set of function

symbols F, by IndTerm(C, F')*, we denote the smallest set A satisfying:

(1) IndTerm(C, F) C A,
(2) If 1,8 € A, then *(tl,tz) €A,

Definition 5.5 Given t € IndTerm(C, F)*, the arity of term t {denoted
by arity(t)) is inductively defined as follows:

(1) If t € IndTerm(C, F), then arity(t) = u,
(2) If t1,t2 € IndTerm(C, F)* and t = *(t1,t2), then

arity(t) = *(arity(t1), arity(ts)) .

Definition 5.6 Given a set of constant symbols C, a set of function
symbols F' and a set of constant relation symbols P, the set of atomic
formulas of ETFR is the smallest set A satisfying:

(1) R= S € A whenever R, S € RelDes(P),
(2) t1 Rty € A whenever t,t2 € IndTerm(C, F)* and R € RelDes(P).

From the atomic formulas, compound formulas are built as in first-order
logic, with quantifiers applied only to individual variables. Notice that once
the sets C, F and P are fixed, a unique set of formulas is characterized.

We will denote this set by ForETFR(C, F, P).
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Definition 5.7 Given a set of constant symbols C, a set of function
symbols F' and a set of relation constant symbols P, we define the formalism
ETFR(C, F, P) as follows:

Formulas: ForETFR(C, F, P).
Inference rules: Same as in ETBR.
Axioms: Extend the axioms of ETBR by adding formulas (3.2) and (3.3).

Much the same as Tarski defined his calculus of relations from the ele-
mentary theory of binary relations, we will define a calculus of fork relations
(denoted by CFR) from the elementary theory of fork relations.

Definition 5.8 Given a set of relation constant symbols P, we define the
formalism CFR(P) as follows:

Formulas: Those formulas from the ETFR in which neither individual vari-
ables nor constant symbols occur (i.e., Boolean combinations of
equalities between relational designations). The set of formulas for
CFR(P) will be denoted by ForCFR(P).

Inference rules: Same as in CR.

Axioms: Extend the axioms of CR by adding formulas (Ax. 8)—(Ax. 10)
from Def. 3.4.

In this and the remaining sections, given sets C, F' and P we will denote
by FOLE(C, F, P) the first-order logic with equality on the language with
set of constant symbols C, set of function symbols F and set of predicate
symbols P.

5.2 Interpreting FOLE

In order to fulfill the task of interpreting FOLE, we will perform an inter-
mediate step. First we will show how to interpret FOLE into ETFR, and
after doing this we will show how to interpret ETFR into CFR.

The algebraization of logics is a field of extensive and active work. In
the remaining part of this chapter and the next one we will show how fork
algebras can be used to interpret classical first-order logic, as well as many
non-classical logics. The reader interested in the algebraization of logics
should consider reading the book |[L. Henkin et al. (1985)] (in particular
Section 4.3, which studies the connections between cylindric algebras and
logic, and Ch. 5, in which other algebraizations are presented), and also the
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book [P. Halmos (1962)]. Also fundamental are the works of the Budapest
school, specially the papers [H. Andréka et al. (1994); H. Andréka et al.
(1993); H. Andréka et al. (1981); I. Németi (1991)]. Finally, the work of
Blok and Pigozzi (see [W. Blok et al. (1989)] and the references therein) is
a very valuable source of results in algebraic logic.

Notice that in FOLE(C, F, P) there is a standard notion of arity for
function and predicate symbols. We will also assume that function and
constant relation symbols from ETFR(C, F, P) have an associated arity.
Arity of functions is defined as usual. For constant relation symbols the
arity is defined as a pair {aj, as) where ay,a5 € u*. Arity a; is called the
input arity and ay is called the output arity. The reason for doing this is
that in in the process of problem specification we will convert first-order
predicates into input-output binary relations. To this syntactic definition
of arity also corresponds a semantic notion.

Definition 5.9 Let 21 € PFAU. We define arity : Uy — u* by:

(1) If e € Urely, arity(e) = u,
(2) If e = *(ey, €3), arity(e) = x{arity(e1), arity(es)).

Note that the arity function is partial, since there might be elements in
Uy that are not finitely generated from urelements and for which Def. 5.9
does not produce a well defined arity in u*.

Definition 5.10 Given a PFAU 2, a binary relation R € 2 has arity
(a1,02) (a1,a9 € u*) if

R C {{xz,y) € Uy x Uy : arity(z) = a1 A arity(y) =as } .

Given objects aq,...,ak,a1’,...,a;" and a finite set A = {aq,...,a },
by A’ we denote the set {ai’,...,ax"}.

Given a finite set of symbols A = {a1,...,a; } and a structure A, by
A# we denote the set { a1t ... apt } of the interpretations of the symbols
in the structure A.

We will define the semantics of ETFR(C, F, P) in terms of square proper
fork algebras with urelements. The definition is as follows.

Definition 5.11 An adequate structure for ETFR(C, F, P) is a structure
A= (U ,CA FA PA) satisfying:

(1) 2 € SPFAU,
(2) For each c € C, c* € Urely,
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(3) For each f € F of arity k, fA: Urely* — Urely,
(4) For each p € P of arity {(a1,az), p* € U has arity (a;,az) .

Definition 5.12 Given 2 € PFAU, a mapping v : IndVar — Urely is
called a valuation of individual variables. If x € IndVar, by v[z/a] we
denote the valuation defined by:

Ve /a)(w) = { V) v
a ify=xz.

Definition 5.13 Given a structure A = (2, C4, FA, PA) adequate for
ETFR(C, F, P) and a valuation of individual variables v, we define the map-
ping V,, giving meaning in A to terms of IndTerm(C, F)* as follows:

(1) Vo(z) = ( ), for each individual variable z
(2) Vi(c) = c*, for each c € C
(3) Valf (b1, 18)) = FAVa(t0), .. Vi (80)) for cach f € F

(4) Vu(x(t, t’)) =*(Vu (1), Vu(t)

Definition 5.14 Let A = (2,C4, FA,P*) be an adequate structure
for ETFR(C, F, P), and let m : RelVar — A. The pair (A,m) is called
a model of ETFR(C, F, P). Mapping m extends homomorphically to com-
pound relational designations. In order to simplify the notation, m will
also denote the homomorphic extension.

Definition 5.15 Given ¢ € ForETFR(C, F, P) and a valuation for the
individual variables v, we say that v satisfies the formula ¢ in the model
= ((A,CM,FM PM) m) (denoted by M, v f=gTer ¢) Whenever:

— If ¢ = t1pty with p € RelDes(P) and t,ty € IndTerm(C, F)*,
M, v et ¢ iff (Vi (t1), Vo (t2)) € m(p) .

-l p=ra,
M,v ety iff MivFetrr @
-Ifo=avp,
MvEetrre  If M, v =eTeR @ or M,y EeTRR B .
-Ifp=anp,

M,vi=eterr e i M, v eTrr @ and M, v EeTRr B -
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- If ¢ = Jxa,

M, v EeTer dza iff
there exists a € Urely such that M, v[z/a] =eTer @ .

- If ¢ =Vza,

M, v Egrer Vo iff
for each a € Urely, M,v[z/a] EeTrr @ -

The following mapping translates formulas from FOLE(C, F, P) into
formulas of ETFR(C, F, P’). We will denote by ForFOLE(C, F, P) the set
of formulas in FOLE(C, F, P).

In order to simplify proofs, from here on given a first-order predicate
symbol p € P with arity k, we will assume that the arity of p’ € P’ is
(n,m) (n,m € IN) with n + m = k. Moreover, we will assume that the
first n parameters from p will be input parameters of p’ and the last m
parameters from p will be output parameters of p'.

Definition 5.16 We define the translation T'v mapping formulas from
ForFOLE(C, F, P) to ForETFR(C, F, P') inductively as follows:

(1) To(p(tr, ... tn,t], ... th)) = ti - xtpop't) % --- %t ifpe P
and p’ has arity (n,m).

(2) Ty (t1 =t2) =t1 11y,

(3) Ty (~a) = -Ty(a),

(4) Tv(aVp)=Tv(a)VTv(B),

(5) Tv(aAp) =Ty () ANTv(B),

(6) Ty (Fza) = IxTy (),

(7) Ty (Vza) = VzTy ().

Given a first-order term ¢ and a valuation of variables v into a FOLE
model 2, by V,(t) we denote the value of ¢ under the valuation v in the
model 2A.

Lemma 5.1 Let ¢ € ForFOLE(C, F, P). Given a FOLE(C, F, P) model
A with domain A, there exists a ETFR(C, F, P') model B such that for every
valuation of the individual variables v

A,v E=roLE ¢ = B,v Eeter Ty (9) -
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Proof Let B be the full fork algebra with set of urelements A. Define,
force Cand f € F, ® = ¢® and f8 = f%. Define, for p € P of arity n
and p’ € P’ of arity (r,s) withr +s =n,

p’B={(al*...*ar,bl*..-*bs):pm(al,...,ar,bl,...,bs)} .

Let m : RelVar — B be arbitrary, and let B = ((8,CB, FB, P'®) m).
It is clear that

Vt € IndTerm(C, F), Vo, (t) =V, (1) . (5.1)

Let us proceed by induction on the complexity of the formula ¢.
Given p € P of arity k, p’ € P’ of arity (r,s) and t1,...,t.,¢],...,t, €
IndTerm(C, F),

A |=FOLE p(th o 7t1‘)ti’ v ’tfg)

{by Def. 'zFOLE}

(Vu(t1),..., Vo (t:), Vo (t)), ..., V,(t))) € p*
{by Def. p’B }

(Vo(tr) %% Vo (t:), Vo (1) % - x Vo (8))) € p°
{by (5.1) }

(Vu(ta) * -+ Vo (), Vo (£1) x - - - x Vi (85)) € p’B
{ by Def. |=gTFr }

B,vEgrrrty %o x b D't x ookt

{Def. Tv}

B,v Eeter Ty (1, - - sty th, .- -, 25)).

[ A

The remaining part of the inductive proof is simple and is left to the
reader. a

Lemma 5.2 Let ¢ € ForFOLE(C,F,P). Let A be a ETFR(C, F,P’)
model. Then there exists a FOLE(C,F, P) model B such that for every
valuation of the individual variables v,

A, v Eerer Ty () = B,v EroLE ¢ -

Proof Let A= < <Ql, CA FA, p > ,m > Let us define B, the universe
of B, as Urely. For each ¢ € C and f € F, we define ¢® = ¢* and
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f® = fA. For each p’ € P’ of arity (r,s) we define
p® ={<a1,...,ar,b1,...,b3) s{ap * -+ %k ap, by *--- % by) Ep'A}.
Let B = ( B,C® F®, P®). 1t is clear that
Vt € IndTerm(C, F), V,(t) = V. (¢) . (5.2)

Let us proceed by induction on the complexity of the formula ¢.
If ¢ =p(t1,...,trth, ..., t,) with p € P, then

A, v Eerer Ty (p(t1, - - - . A ,t0))

{by Def. Ty }

A v EETRR t1 %o Kkt D K x Tt

{ by Def. =ETrr }

Vi(t1) % -+ # Vi (&), Vi (8)) % - % Vi, (81)) € p*
{ by Def. p® }

Vo(t), ..., Vi (), Vu(t)), ..., V,(t.)) € p®
{by (5.2)}

(Vo(t))s o s Vi(tr)y Vi), . .., Vi (£)) € p®
{by Def. FroLE }

B,v EroLE Plt1, ety th, .t .

The remaining part of the inductive proof is simple and is left to the
reader. O

Tt 11

The next theorem proves the interpretability of classical first-order logic
with equality into the elementary theory of fork relations. This will serve
as an intermediate step in the proof of interpretability of classical first-
order logic into the calculus of fork relations. Notice that since first-order
predicate symbols do not divide arguments between input arguments and
output arguments, this intermediate step arises naturally in the process of
translating specifications to the calculus of fork relations.

By ErorLe ¢ we will denote the fact that formula ¢ is valid in FOLE.
In a similar way we say that a formula ¢ from ETFR is valid in ETFR if
for each ETFR model A and each valuation v of the individual variables,

A,V =ETFR ¢
Theorem 5.1 Let ¢ be a FOLE(C, F, P) formula. Then

EroLE ¢ = Eeter Tv (9) -
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Proof

=) If ¥eter Tv (@), then there exists an ETFR(C, F, P’) model A and a
valuation of individual variables v such that A,v Eerer T (¢). Then, by
Lemma 5.2, there exists a FOLE(C, F, P) model *B such that B,v FroLE ¢.
Then, #FOLE ¢>

<) IfEpoLE ¢, then there exists a FOLE(C, F, P) model 2 and a valuation
of individual variables v such that %U,v Erorr ¢. By Lemma 5.1 there
exists a ETFR(C, F, P’) structure B such that B,v ¥grpr Tv (4). Then,

Ferer Ty (9). 0

In the remaining part of this section we will show that ETFR(C, F, P)
can be interpreted into CFR{A) for a suitable set of constant relation sym-
bols A. Finally, by exploiting the relationship which exists between CFR(A)
and abstract fork algebras we will show how to reason algebraically in order
to prove logical properties from FOLE and ETFR. By 1’6 we denote the
relation 'y® --- ®71y.

k times
Given sets C, F' and P consisting of constant, function and relation

symbols respectively, by K we denote the set C'UF’UP’. By CFR(K) we
denote the extension of CFR(K) obtained by adding the following axioms:

(1) The formula
1;ly;1 =1,

which implies that models of CFR™ are abstract fork algebras with
a nonempty set of urelements.

(2) For each c € C, we add the following equations stating that ¢’ is a
constant relation having a urelement in its range:

&id + Ty =1y (¢ is functional),
1;c' = (c is left-ideal) ,
c';1 =1 (¢ is nonempty).
(3) For each f € F with arity k, we add equations stating that f’ is a

functional relation that takes k urelements as input and produces
urelements as output:

fl;fl + 1,U — 1,U7
176;]:/:]:/.
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(4) For each p € P with arity (m,n), the following equations stating
that p’ is a binary relation expecting m urelements as input and n
urelements as output:

Tpri=p.

In (3) and (4) we are assuming that f’ has input arity k and that p’
has arity {m,n). We can generalize to arbitrary arities by rearranging
parenthesis in a convenient way. For example, if p’ is a relation constant
whose arity is {(u * u) * (ux u), (u * u) *x u), we would impose the condition

(1’U®1’U)®(1’U®1’u)p’(1’u®1’u)®1’u =p' .

Note that given a finite set K with constant, function and relation
symbols, only a finite number of equations are introduced in (1)—(4) above.

In what follows, ¢i™ is an abbreviation for ¢;---;t (n times). For the
sake of completeness, ¢i° is defined as 1'.

Prior to defining the mapping translating ETFR(C, F, P} formulas into
CFR*(K) formulas, we will translate individual terms to relation designa-
tions. This is necessary when translating atomic ETFR(C, F, P) formulas
of the form t Rt', with ¢,¢' € IndTerm(C, F)* and R € RelDes(P).

For the following definitions, ¢ will be a sequence of numbers sorted in
increasing order. Intuitively, the sequence ¢ contains the indices of those
individual variables that appear free in the formula (or term) being trans-
lated. By Ord(n, o) we denote the position of the index n in the sequence
o, by [0 ® n] we denote the extension of the sequence o with the index n,
and by o(k) we denote the element in the k-th position of o.

Definition 5.17 The mapping 4, : IndTerm(C,F) — RelDes(C' U F'),
translating individual terms into relation designations, is defined induc-
tively by the conditions:

Ord(i.0)=1.7 if ; is not the last index in o,

P
(1) 56(’1),‘) - {p;Length(a)—l
(2) é5(c) = for each c€ C.
(3) 6o (f(t1,-.-1tm)) = (85(t1)V -+ - V5(tr)); f' for each f € F.

otherwise.

Before defining the mapping T, translating ETFR formulas, we need to
define some auxiliary terms. Given a sequence o such that Length(o) =1,
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we define the term A, , (n < w) by the condition

50-(1),,(1))V cee Véa(va(k_l))VIUV&,(va(k))V v Vaa(va(l))
Agpn = if k=Ord(n,[c@®n]) <,
85(Vo1))V -+ V5 (vey) V1 if Ord(n,[c®n]) =1+1.

The term A, , can be understood as a cylindrification [L. Henkin et al.
(1971); L. Henkin et al. (1985)] in the k-th coordinate of an l-dimensional
space.

For the next mapping to be correctly defined, we assume that atomic
formulas of the form R = S do not occur in the scope of a quantifier over
individual variables. This is a reasonable assumption because, since atomic
formulas of this form do not contain any individual variables, they can be
promoted outside the scope of quantifiers. We will keep this assumption
for the remaining part of the chapter.

Definition 5.18 We define the mapping T, translating ETFR(C, F, P)
formulas to CFR*(K) formulas as follows:

(1) T,(R=S) ¥ R=25(R,S € RelDes(P)),
(2) To(ty % --*t Rty x---wt,) &

Tt;'(tl*"'*tTRtll*"‘*t;):]_’k;]_,

(k = Length(o), t;,t; € IndTerm(C,F) for all 4,5, 1 <4 < r,

1< j<sand R € RelDes(P)),
def

@) To(mo) = —To(a),

@) To(aVp) = To(o)VT.(B),

(5) To(aAB) £ To(e) AT,(B),

(6) To(Fvn) T!(June) = 1531, (k = Length(o)),
() T,(Vvpa) & T!(Ywna) = I'5;1, (k = Length(a)),

(8) To(tr *---*t Rt x---%t) &

def

(Go(t)V - V5, () V (B (E)V -+ V8, (£1)) s ) 251, (5.3)

9) Ti(-a) € Ti(a),
(10) Ti(a Vv B) = Ti(a)+TL(),

(11) Ty(anB) & Ti(a)-TL(P),
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(12) T.(Fva(@)) & Bon; Tl gy (),
(13) T (Von(@)) & T/ (-Fv,—a).

In (8) we are assuming that R has arity (r, s) (r,s € IN). If we allow for
arbitrary arities, then the parenthesis in formula (5.3) must be rearranged.
For example, if R has arity ((u+ ) % (u % u), (u * ) x u), then

Ttl,((tl *tz) * (t3 *t4)R(t5 * te) *t7)
= ((o(81) V60(t2)) ¥ (o (1) Vs (14) ¥ (5 (15) Vb (t6)) Vb (t7)) 5 ) 131 .

Given a valuation of individual variables v and a sequence of indices o,
by s, we denote the object a3 * - * a; * - - - ¥ a, Where:

(1) n = Length(o),
(2) a; = V(’Ua(i)) forall7,1 <i<n.

Given a formula or term «, by o, we denote the sequence of indices of
variables with free occurrences in «, sorted in increasing order.

Lemma 5.3 Let o € ForETFR(C, F, P) not containing any atomic sub-
formula of the form R = S, let 0 = 0, and let A be a ETFR(C, F, P) model.
Then there is a CFR*(K) model B = {(B,CBUFBU P8 ) m') such that

A, v [=eTrR @ A Sy € dom (m’ (T;(a))) .
Proof Assume A= ((U,CA FA PA) m). Let us define B as follows:

(1) Since & € SFullPFAU, let B € FullPFAU such that A € S{‘B },
(2) &= { <:r:,cA> 1z € Uy }, for each c € C,

() fB={(ay* - *xan,b): f4a1,...,an) =b}, for each f € F,
(4) p® = p?, for each p € P,

(6) m/(R) = m(R) for each R € RelVar.

It is clear that individual terms denote functional relations. Given
a functional binary relation f and an element a, by [f](a) we denote
that element b such that (a,b) € f. We will prove next that for any
term ¢ € IndTerm(C,F) and any sequence o that extends oy, V,(t) =
[m (85 ()] (sv,0)-

Let t = v; € IndVar. If 4 is the last index in o, then V,(v;) = v(v;) =
[pLenath(@)=1)(s, ;) = [m’ (05(vi))](Sv,0). If i is not the last index in o then
Vi (vi) = v(v:) = [0 m](s,,0) = [m! (3, (v3))](50,0)-

Let t =c € C. V() = c* = [B](s,0) = M ()] (50,0)-
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Let t = f(t1,...,ts). Vo(f(t1,...,tx)) = fAWV,(t1),..., Vi(ts)). By
inductive hypothesis

Vo (t:) = [m' (85(t:)](s0.,6) foralli,1<i<k.
Then,

FAVL(t),. -, Vi (tr)
= fA(m (0ot (s00); - - [ (8o (tk))) (51,0))
= [FEI([m (8o (t1))(s0,6) *--- % [m' (65(t))](50,0))
= [m' (8, (t21)V - -+ Vo (tk)) ; F)](50,0)
= [m, (60(f(t17 e 7tk)))](sv,a)'

The remaining part of the proof follows by induction on the structure
of the formula «. Notice that since m(R) = m/(R) for all R € RelVar, then
for every S € RelDes(P) we have m(S) = m/(S).

o=t x - %t Rty x---xt,, then

A v EETERtL * -+ - * tr Rty - x
= (V1) *- = Vo(ty), Vi (t1) * - - £ Vi (t,)) € m(R)
= ([ (65 (t1)))(50,0) * -+ [m' (5 (tr))](sw)
[m/ (8o (£1)))(Sv,0) * -+ x [m/ (80 (25))](51,0)) € m (R)
= ([m' (8o (t1))](s0,0) * - % [m' (85 (¢r))](50,0),
[m (35 (t1)))(s,0) * -+ * [ (3a (E)))(50,0)) € M (R)

= 8,5 € dom((m' (6(21)) V - - V! (85 (tr)))

V(! (62 (6)) T -+ T (G (R)Y) i1
= s,,,,,edom< (( (5,(t1)V -+ V6, (t,))
)

((5 )V - Vo, (t2) ; R));é;1))

< 8,0 €dom(m' (T, (ty -t  Rt] x---xt)))).

This concludes the treatment for atomic formulas.
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If & = =3, then

A, v EeTrR °f = A,vFerr B
> 5u,0 ¢ dom (m' (T;(B)))
&= 5,, € dom (WTA(,B_)))
(by m’ (T.(B)) right-ideal)
<> s,, € dom (m' (W))
> 5,6 € dom (m/ (T,(=B))).
If « = 8V~, then

A, v EeTrRBV Y

A,v Feter B or A, v F=ETER Y

S0 € dom (m/ (T,(B))) or sy, € dom (m/ (T, (7)))
S0 € dom (' (T(B8)) Um/ (To(7)))

sv,0 € dom (m' (T (B) +T5(v)))

$v,0 € dom (m' (T5(BV7))).

11111

If o = Jv; 8, then

A,v F=eTRR Fui8
there is a € Urely such that A, v[v;/a] Eeter B

there is a € Urely s.t. s,[y,/q),[0@i € dOm (m' (T[’a@i] (,6)))
8y,0 € dom (m’ (Agy;) om/ (T[’a@i] (ﬂ)))

S0 € dom (m’ (Aa,i;T['a@i] (ﬁ)))
Sy,o € dom (m/ (T, (3v;8))).

S A

O

Lemma 5.4 Let o € ForETFR(C, F, P) not containing any atomic sub-
formula of form R=S. Let 0 = 04 of length k. Let A be a ETFR(C, F, P)
model. Then, there exists a model B = <<%,CB UFBy pPB > ,m'> for
CFR*(K) such that

A EETRR @ <= B Ecer+ Th(a) = 1’6;1 .
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Proof Let B be defined as in Lemma. 5.3.

AEetrr 0 <= A,v =erFr @ for all v
<= 5,, €dom(m/(T,(a))) for all v  (by Lemma 5.3)
= m (T,(a)) =11
= B e Tola) =151,
O

Lemma 5.5 Let a € ForETFR(C, F, P), let 0 = 0, of length k, and let
A be a ETFR(C, F, P) model. Then, there exists a CFRT (K) model B such
that

A et @ = B l=crr+ To(a) .

Proof Assume A = ((2,CA FA PA),m). Let B be defined as in
Lemma 5.3.
If ais R = S with R, S € RelDes(P), then

AEgtrR R=S5 < m(R) =m(S)
< m/'(R) =m/(9)
< BEcrt R=5
<> B+ To(R=9).

Ifaist;x- - %t Rt) «---xt,, then

A EeTert % - -+ *trRtll hoveo )\vt_'g
= Blcprs Ti(a) =15;1 (by Lemma 5.4)
— B i=CFR+ Ta(a)_

If o is =3, then

A Eetrr 78 = AFerer B
= BFEcgr+ T5(6)
< Blcrr+ ~16(B)
< Bl=cer+ To(-B).
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If is BV, then

AEetrr BVY <= Aletrr B or A FeTRR Y
<> Bcrr+ To(B) or B l=crr+ To(7)
= B+ To(B) vV T (7)
<= Blcrr+ To(BV 7).

If « is Jv; 3, then
A FETRR 00
= Blcp+ TM(3uB8) = 1§51 (by Lemma 5.4)

< Bl=crr+ To(IiB). 0

Definition 5.19 Let R be a set of constant relation symbols. A CFRY(R)
model A= ( (%, R4),m) is called square if 2 € SPFAU.

Given % € PFAU, s = a; % --- % ag (a; € Urely for all ¢, 1 < i < k)
and a sequence ¢ of indices increasingly sorted and of length k, by v, , we
denote the set of valuations of individual variables v satisfying ¥(vy(;)) = a..
Valuations in v, , agree in all those variables whose indices occur in o.

Lemma 5.6 Let o € ForETFR(C, F, P) not containing any atomic sub-
formula of form R =S, let 0 = 04 and let A be the square CFRY (K) model
((A,CAUFAUPAY m). Then, there erists a ETFR(C, F, P) model B
such that

s € dom (m (Té(a))) A B,v ,':ETFR a forallv e Vso -
Proof Let B be constructed as follows:

(1) Since 2 € SFullPFAU, let B € FullPFAU such that A € S{B }.
(2) For each c € C, if cA = {{z,a) : x € Uy }, define ? = a.
(3) For each f € F of arity k,

Ba1,...,ax)=b <> (a;*---*ab) € fA.

(4) For each p € P we define p® = pA.
(5) We finally define m/(R) = m(R) for all R € RelVar.

We will first prove, as an auxiliary result, that for every term ¢,

m(6,t)] (s) =V, (t)  forallu e, .
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If t = v; € IndVar and 7 is the last index in o,

[m (8o () (5) = [m (pFenst@=1)] (s)

= SLength(c)
=V, (v;) for all v € v, 4.

If t = v; € IndVar and 7 is not the last index in o,

[m (8o () () = [m (p°7¢15)] (s)

= SOrd(i,o)
=V, (v) for all v € vy 5.
Ift=ce C, then

[m (60 (c))] (5) = [e*] (s)

:cB

=V, (c) for all v € v, 5.
Ift = f(t1,...tx) with f € F, then
[m (8o (£ (1, - te)))] (5) = [(m (65(81)) V -+ VI (8,(t))) 1 £] ()
= [fA] ((m (8o (t2))] () * - - % [m (85 (k)] (5))
= [fA] (Vi (1) -+ * Vo (tx)) forall v € v »
= fB (Vo (t1),...,Vi(ts)) for all v € v, »
=V, (f(t1,...,t,)) forall v € v, 0.

Let us now prove the main result by induction on the structure of for-
mula «, i.e., we will prove that

s € dom (m (T;(x))) = Bvl=gtrraforall v e v, o .
Ifa=t; % - *t, Rt] %---xt,, then
se€dom(m (T (ty % xtu Rty %+ % 1})))
< s & dom (m(((&a(tl)v---WS (tm))
V (6(81)V - Vio(tr) s B) ;2

= ([m (6, (t1))] (s) [m(5( m))] (8),
[m (a(t'l))] () %% [m (&6

)

(s
()] (s)) € m(R)
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= ([m(8a(t1))] (s) * - % [m (8o (tm))] (3),

[m (35(21))] (8) * - - * [m (5 (2,))] (5)) € m' (R)
= (Vu(t1) * - * Vi (tm),

Vo) -+ V,(t,))y em' (R) for all v € vy 4
<= B,vFETRRt1 % * I Rt] % - % t], for all v € v, 4.

If a = -, then
s € dom (m (T(~f))) <= s & dom (m (Tg,(/a)))
<> s ¢ dom(m(T;(8))) (by m (T, ()) right-deal)

< B,v Ferrr B for some v € v,
< B,vFerrr Bforallvev,,
< B,vfeTrr "B for all v € vy 4.

If a =pBV~, then

s € dom (m (T.(BV%)))
< s € dom(m(T,(B))) or s € dom (m (T,(7)))
< B,verrr Bforall v € v, or B,v |=gter y for all v € v 4
< B,vlEerrr BV yforal v € v, .

If o = Ju;f3, given s = ag * - - x ax we will denote by s; , the element
Ay *-+-*%Q;_1*Q*a; % ---xag. Then,

s € dom (m (To(Fv:3)))
< s € dom (m (Agi) ;m (T[’U@i] (ﬂ)))
<= there exists a € Urely s.t.(s,5;4) € m(A,;) and
Siq € dom (m (T{a@i] (ﬁ)))
<= there exists a € Urely s.t. (s,8;4) € m(As,;) and

B,v Eeter B for all v € vy, , (0ai]
<= there exists a € Urely s.t. B,v{v;/a] |=eTer B for all v € v, »

< B,v Eerrr B for all v € vy 6. 0

Lemma 5.7 Let a € ForETFR(C, F, P) not containing any atomic sub-
formula of form R = S. Let 0 = 04 of length k. Let A be the square
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CFRY(K) model { (%,CAUFAUPA), m). Then, there exists a model B
for ETFR(C, F, P) such that

m (To(a)) = 1§ = B EeTer @
Proof Let B be constructed as in Lemma 5.6.

m (Ty(a)) = 1§
<= s € dom(m(Ts(x))) for all s € dom (1’F)
< Bvlaforalveuy,,andsecdom(I'f) (byLemma 5.6)
< B,vEaforalv

<> B '=ETFR Q.
]

Lemma 5.8 Let o € ForETFR(C, F, P), let 0 = 04 of length k, and let
A be a square CFRY(K) model. Then, there exists a ETFR(C, F, P) model
B such that

A i=CFR+ T, (a) — B F:ETFR @ .

Proof Let us assume that A = ((A,CAUFAUPA) m). Let B be
defined as in Lemma 5.6.
Notice that since m = m/, for all R € RelDesP we have m(R) = m/(R).
Ifais R= S with R, S € RelDes(P), then

AlEcrrt To(R=5) < A+ R=S
<> m(R) =m(S)
—s m'(R) = m/(S)
< BEerrmR=65.

Ifaistyx-- xty, Rty x--- %t then

.A }ZCFR+ Ta(tl*"'*tmRt,l*"'*t:,,)
= Alcpre To(tix -kt Rty % - th) = 18;1
< BiEgrprti* - *t Rty %o xt, (by Lemma 5.7)
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If o is =3, then

A Ecrrt To(—0) <= Alcer+ ~T5(8)
= AFcrr+ T5(0)
<= BFerr 8

<= B =eTeR 0.
If o is BV «, then

AEcr+ To(BVY) = Al To(B) V To()
< Akt To(B) or A Ecrr+ To(7)
<= B l=gTrr B or B |FeTRR 7
< BEpAVy.

If o is Fv; 8, then

A Ecrre To(FiB) <= Alcrre To(Fuif) = 1§51
<= B Eerrr 30,0. (by Lemma 5.7)

O
Theorem 5.2 Let o € ETFR(C, F, P) and let 0 = 0. Then,

FETFR O = Fcrt To(a) .

Proof

=) If Bcpr+ T (), then there exists a model A = ( (A, CA, FA, PAY m)
with 2 € SAFAU such that A Fcpp+ To(a). From A we build a square
model A’ up as follows. Let 2’ € SPFAU such that A=A and h: A — A’
a fork algebra isomorphism (2 and h exist by Thm. 4.3). For each ¢ € C,
let c*' = h(c*). Foreach f € F,let fA" = h(f4). Foreachp € P, let pA’ =
h(p*). Finally, for each R € RelVar we define m’(R) = h(m(R)). It is clear
that A’ Ecpr+ To(a). Then, by Lemma 5.8 there exists a ETFR(C, F, P)
model B such that B Ferrr o Then, FeTer a.

<) If FgTrr @ then there exists a ETFR(C, F, P) model A such that A Feteg
. Then, by Lemma 5.5 there exists a CFR*(C'U F'U P) model B such that
B#CFR*' Ta(a). Then, #CFR*‘ Ta(a). O

Theorem 5.2 shows that reasoning in ETFR can be replaced by reasoning
in CFR*. The reason why this is considered an algebraization of ETFR is
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because validity in CFR™ reduces to the verification of the validity of a
formula in SAFAU.

Theorem 5.3 Let o € ETFR(C, F, P) and let 0 = 0, of length k. Then,

[eTrR @ =  Fare L) =1%.

Proof

=) If Bepre To(@) = 1§ then there exists a CFR*(C'U F'U P) model A =
({U,CA FA,PAY m) with 2 € SAFAU such that A Fceg+ To () = 1.
From A we build a proper model .4’ up as follows. Let %’ € SPFAU such
that A = ' and h : A — A’ a fork algebra isomorphism (' and h exist
by Thm. 4.3). For each c € C, let A = h(c*). For each f € F, let fA' =
h(f*). For each p € P, let pA' = h(p*). Finally, for each R € RelVar we
define m'(R) = h(m(R)). It is clear that A’ Eceg+ Th(a) = 1'f. Then,
by Lemma 5.7 there exists a ETFR(C, F, P) model B such that B Fgrrr o.
Then, ¥eTer a.

<) If ZeTrr o then there exists a ETFR(C, F, P) model A such that A4 Fgrer
. Then, by Lemma 5.4 there exists a CFR™(C'U F U P) model B such that
BEcert Th(a) = 'f. Then Ecpps Th(a) = 1'§. O

In order to obtain an algebraization of FOLFE it suffices to compose
the mappings T'v and T.. The result of this composition is the mapping
Ty.o : ForFOLE(C,F,P) — ForCFR(C U F U P). Recall that in order
to apply the mapping Ty it is necessary to divide arguments of predicate
symbols between input and output arguments. For the next theorem, and
in order to simplify the notation, we will assume that all arguments are to
be considered as input arguments.

(1) TV,a(p(tl, .- -,tk)) = (5a(t1)v T Vda(tk)) 0’51,
(2) Ty, o(-a) =Tv o(a),

(3) Tv,o(aVp) =Tv,.(0)+Tv,.(B),

(4) Tvyo-(a’una) = Aa,n;Tv’[g@n](a).

By using the translation T'v , we can prove the following theorem.

Theorem 5.4 Let a € ForFOLE(C,F,P) and let ¢ = 04. Then, if ¢
has length k,

FroLE @ — Fcrre Tv,of@) = 1§51
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Proof By Thm. 5.1,

FroLe o = Feter Ty (a) (5.4)
By Thm. 5.3,
Ferrr Ty (@) <= Ecere Ty(Tv () =181 (5.5)
Joining (5.4) and (5.5) and the fact Ty ,(a) = T/(Tv (a)),

lZFOLE o = ,:CFR+ Tv,a(a) =1k ;1. -

From CFR*(P) we define the formalism CFREQ™(P) as a restriction of
CFR*(P). CFREQ"(P) is defined as follows.

Formulas: Equations from ForCFRTY.
Inference Rules: The following inference rules for equational logic:

(1) Fcrreq+ P = p, for every p € RelDes(P),

(2) p = qFcrreq+ ¢ = p, for every p,q € RelDes(P),

B)p=qq=r Fcereq+ P =T, for every p,q,r € RelDes(P),

(4) If Fcpreq+ P = g, 7 € RelDes(P) contains the subterm p, and
s is obtained from r by replacement of p by the term q, then
Ferreqr 7 =5,

(5) If Fepreq+ P = ¢, x is a variable (possibly occurring in p or
q), and r € RelDesP, then Fcpreq+ plr/z] = q[r/z]. That is,
substitution of variables by terms is a valid inference rule.

Axioms: Set of equations characterizing the class of abstract fork algebras
with a nonempty set of urelements.

Notice that in the axiomatization of CFREQ™ we dropped the axiom
requiring models to be simple.

Theorem 5.5 Let e be an equation from CFREQ™. Then,
FCFR‘*’ € — |_CFREQ+ €.
Proof By definition of the formalism CFR™,

Ecrr+ e iff for all 2 € SAFAU, A =e. (5.6)
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Since the variety generated by SAFAU is AFAU, SAFAU and AFAU share
the same equational theory. Thus,

for all A € SAFAU, A = e iff for all A € AFAU, A =e . (6.7)
Then, by (5.6) and (5.7),
Fcer+ e iff for all 2 € AFAU, A e . (5.8)
By definition of CFREQ™ and (5.8),
FEcrr+ € = Fcrreq+ € - (5.9)
Since equational logic is complete [G. Birkhoff (1944)],
FFcrreq+ € < bcrreqr € - (5.10)
Finally, joining (5.9) and (5.10),

Fcrr+ € < Fcrreqr € - 0

Theorem 5.6 Let a € ForFOLE(C,F,P) and let 0 = o, of length k.
Then,

FoLE @ g Ferreqr Tv,o(@) = 17651 .
Proof By Thm. 5.4,
FroLE = ot Tvo(@) =151 (5.11)
By Thm. 5.5,
Ferr+ To0(e) = 1551 & Fcrreqr Tv,o(a) =551, (5.12)
Thus, by (5.11) and (5.12),

EroLE o = Ferreqr Tv o) = 1551 . 0

If in the preceding theorem « is a sentence, then Length(o,) = 0. Then
the following corollary holds.

Corollary 5.1 Ifa € ForFOLE(C, F, P) is a sentence, then

E=roLE @ = Ferreqt Tv, (@) = 1.
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The result shown in Cor. 5.1 was already known for other algebraic sys-
tems closely related to fork algebras, as quasi-projective relation algebras
and pairing relation algebras. The work on the interpretability of first-order
theories in quasi-projective relation algebras was extensively developed by
Tarski and Givant in [A. Tarski et al. (1987)], while the version for pair-
ing relation algebras was developed by Maddux in [R. Maddux (1989)]. In
[L. Henkin et al. (1985)], FOLE is algebraized using cylindric algebras.
Cylindric algebras are a very natural algebraic counterpart of FOLE. The
fact that they have a Boolean algebra reduct allows the propositional part
of FOLE to be algebraized. Also, for each quantifier Jv;, a new operator
¢i (called the i-th cylindrification) is defined. The axioms for the cylin-
drifications are natural translations of valid properties for the existential
quantifiers. For example, the property Jv;Jv;a < Jv;Jv;a corresponds
to the cylindric algebra axiom ¢;c;x = ¢jcix, for all pairs of indices (¢, 7).
Finally, for each pair of indices (¢,7), a constant element d;; (called the
i,j-diagonal element) is distinguished. Intuitively, d;; characterizes alge-
braically the predicate v; = v;. Notice that an infinite number of axioms
are required for axiomatizing the infinitely many cylindrifications and di-
agonal elements. The fact fork algebras have only finitely many operators
and are axiomatized by a finite set of equations makes fork algebras more
attractive in computer science, where this finiteness plays an essential part
in the implementability of a calculus for program construction based on
fork algebras.



Chapter 6

Algebraization of Non-Classical Logics

The results in this chapter were obtained jointly by Frias and Orlowska
[M. Frias et al. (1997)c; M. Frias et al. (1997)d]. Equational reasoning
based on substitution of equals by equals is the kind of manipulation that
is performed in many information processing systems. The role of equa-
tional logics in the development of formal methods for computer science
applications is increasingly recognized and various tools have been devel-
oped for modeling user’s systems and carrying through designs within the
equational framework [D. Gries (1995); D. Gries et al. (1993)].

The idea of relational formalization of logical systems was originated
by Ewa Orlowska in [E. Orlowska (1988)] and further developed in [E.
Orlowska (1992); E. Orlowska (1994); E. Orlowska (1995)].

Examples of relational formalisms for applied logics can also be found
in Buszkowski and Orlowska [W. Buszkowski et al. (1996)], Demri and
Orlowska [S. Demri et al. (1996); S. Demri et al. (1994)], Herment and
Orlowska [M. Herment et al. (1995)] and elsewhere. The paradigm of rela-
tional formalization of logical systems is based on the principle of replacing
any logic with a theory of a suitable class of algebras of relations [W. Mac-
Caull (1997); E. Orlowska (1988); E. Orlowska (1992); E. Orlowska (1994);
E. Orlowska (1995)]. In order to define such a theory for a given logic,
the language of the logic is to be translated into a sufficiently expressive
language of relational terms in a validity preserving manner, i.e., a logical
formula a is valid if its translation T'(a) is a term such that T'(c)) = 1 holds
in every relation algebra from the underlying class of algebras. However,
since the class of representable relation algebras is not finitely axiomatizable
[D. Monk (1964)], and the finitely axiomatizable class of relation algebras is

73
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not representable [R. Lyndon (1950)], the existing relational frameworks for
non-classical logics suffer several disadvantages. The class of fork algebras
is both finitely axiomatizable and representable, and hence a fork algebra
formalism seems to be an appropriate candidate for relational formalization
of non-classical logics.

The standard semantics of non-classical logics are usually defined in
terms of frames [S. Kripke (1963); S. Kripke (1965)], that is, relational sys-
tems consisting of a set W of states and a family of accessibility relations in
W. In any particular logical system the accessibility relations are assumed
to satisfy some constraints. The meaning of a propositional formula is de-
fined, first, by means of an assignment m of subsets of W to propositional
variables, and second, by extending m to all the formulas of the language
under consideration. In this way every formula « is interpreted as a subset
of states, with the intuition that m(a) consists of those states in which «
is true. The meaning m(a) of formulas built with the classical proposi-
tional connectives of negation, disjunction and conjunction is defined from
the meanings of the subformulas of o by the well known interpretation of
these connectives in terms of Boolean operations of complement, join, and
meet, respectively. The meaning m(a) of formulas built with intentional
operators, such as modal operators of possibility and necessity, is usually
defined in terms of both the values of m for the subformulas of o and an
accessibility relation, which is most often a binary or ternary relation in
w.

The interpretability of a non-classical logic in the calculus CFREQ™ is es-
tablished by means of a deduction preserving translation of formulas of the
logic into formulas of CFREQ™. Under this translation, formulas, formerly
understood as sets of states, and accessibility relations, receive a uniform
representation as relations. The propositional connectives are transformed
into relational operations. The constraints on accessibility relations are
translated into relational equations. The major advantage of relational for-
malization is that it provides a uniform framework for representation of a
broad class of applied logics and enables us to apply an equational proof
theory to these logics.

In the first part of this chapter we will develop an equational formalism
based on fork algebras that is capable of modeling a great variety of applied
non-classical logics and of simulating non-classical means of reasoning. In
the second part of the chapter we will define a Rasiowa-Sikorski style deduc-
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tion system [H. Rasiowa et al. (1963)] for fork logic. We will then define a
validity preserving translation from the language of intuitionistic logic and
minimal intuitionistic logic into the language of fork logic. Next, we dis-
cuss three methods of intuitionistic reasoning within the framework of fork
logic. The first method consists of extending the Rasiowa-Sikorski proof
system of fork logic with some specific rules that reflect properties of the
accessibility relation from Kripke models of logics based on intuitionism.
The second method is based on a kind of relational deduction theorem that
enables us to express derivability in fork logic of a term (representing a for-
mula of a logic) from a finite number of terms (representing conditions on
the accessibility relation). In this case the plain proof system for fork logic
is an adequate deduction tool. The third method employs the equational
theory of fork algebras. We extend this equational theory witl: equations
that represent the required properties of the accessibility relation and treat
them as specific axioms, as we will do with modal logics in the first part of
the chapter.

The chapter is organized as follows. Section 6.2 presents the fork logic
FL, a simplified version of CFREQ™. In Sections 6.3-6.5 a wide variety
of modal logics are algebraized. In Section 6.6 we discuss the fork alge-
braic formalization of modal logics determined by a Hilbert-style axiom
system. In Section 6.7, propositional dynamic logic is algebraized. In Sec-
tion 6.8 the logic FL' (a restriction of ETFR) is defined, and in Section 6.9 a
Rasiowa-Sikorski style calculus for FL' is presented. In Sections 6.10-6.12
the calculus presented in Section 6.8 is used for algebraizing intuitionistic
logic, minimal intuitionistic logic and a wide class of intermediate logics.

6.1 Basic Definitions and Properties

Theorem 6.1 Let V be the variety generated by the class of AtSFAU.
Then, ¥ = AFAU.

Proof Clearly, V C AFAU. Let us prove the other inclusion. Given an
algebra % € AFAU, by the representation theorem (Thm. 4.3) 2 is iso-
morphic to an algebra 8 € PFAU. By definition of PFAU and Thm. 3.1,
B ¢ ISP FullPFAU. Since full proper fork algebras with urelements are
atomic, simple and have urelements, and varieties are closed under isomor-
phisms, subalgebras and products, 8 € V. Finally, since 21 is isomorphic
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to B, also 2 € V, which implies that AFAU C V. O
Theorem 6.2 LetV be the variety generated by SPFAU. ThenV = AFAU.
Proof Similar to the proof of Thm. 6.1. O

Theorem 6.3 The equational theories of AtSFAU and SPFAU coincide
with the equational theory of AFAU.

Proof Is a direct consequence of Thms. 6.1 and 6.2. ]

Definition 6.1 We say that an equation e is provable from a set of
equations E in CFREQ™ relativized to an equational theory A (denoted by
E |_CFREQ+,A €, ifEUA '—CFREQ+ €.

The following definition gives an abstract characterization of urelements.

Definition 6.2 Given 2 € AtFAU, x € A is called an abstract urelement
if z is an atom and x < 1’y.

In the remaining part of this chapter we will deal with sentences from
FOLE, therefore, as Cor. 5.1 shows, only very restricted equations are
needed (i.e., just those equations in which the term in the right-hand side
is 1). Thus, we will use a simplified version of CFREQ* that will be called
fork logic FL.

6.2 The Fork Logic FL

In this section we introduce what we call Fork Logic FL. We also present
a completeness theorem and a theorem on the interpretability of classical
first-order logic in FL. This interpretability theorem will prove to be useful
in Section 6.4 for the description of model constraints.

Definition 6.3 We define the alphabet of fork logic as the union of the
sets described by the following conditions:

(1) A countable set RelVar of relational variables.

(2) The set of logical symbols: +,-,;,V,7,%,1’,0,1.

(3) A countable set RelConst of extralogical symbols (i.e., relational
constants whose meaning varies between models).

Definition 6.4 A finite sequence of symbols from the alphabet of fork
logic is a fork formula iff it belongs to every set 2 satisfying:



The Fork Logic FL 77

(1) RelVar U RelConst U{1,0,1} C Q.
(2) If R, S € Q then {R, R,R+S,R-S,R;S,Rvs} c Q.

Definition 6.5 We say that a fork formula « is provable from a set of
fork formulas I' in an equational theory A (denoted by I' Fpp A @) if

{vy=1:v7€Tl}crreqtaa=1.

Definition 6.6 A fork model is a structure (2, m) where A € AFAU,
and m is the meaning function that assigns relations in A both to variables
in RelVar and to the extralogical symbols in RelConst. It is clear how to
extend m homomorphically to a function m’ : & — A. For the sake of
simplicity, we will use the name m for both mappings.

Definition 6.7 A fork model (2, m) is called proper if 20 € PFAU, and
simple if U € SAFAU. Similarly, a fork model is called atomic if > € AtFAU.
The class of proper fork models will be denoted by PFM, and the class of
simple fork models by SFM. The class of fork models simple and proper will
be denoted by SPFM and the class of atomic fork models will be denoted
by AtFM. The class of atomic and proper fork models will be denoted by
AtPFM, and the class of atomic and simple proper fork models by AtSPFM.

Definition 6.8 A fork formula ¢ is said to be true in a fork model F =
(A, m) (denoted by F =r, ¢) if m(p) =1 bolds in A. A fork formula ¢
is said to be true in a class of fork models K, if for every member F of K,

F EFL -

Definition 6.9 A fork formula ¢ is said to be valid in FL (denoted by
ErL @) if in every fork model F we have F =L ¢.

Since PFA is a finitely based variety whose axioms are those for abstract
fork algebras, the following theorem holds.

Theorem 6.4 FL is strongly complete, i.e., given a fork formula R, a
set & of fork formulas, and an equational theory A,

[i1] ’=FL,A R in PFM <~ (i) |_FL,A R .

Proof
=) If ® ¥pr A R, then there exist 2 € AFAU and a meaning function m
such that

(1) for every equation [ =r € A, m(l) = m(r),
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(2) for every ¢ € ®, m(yp) =1,
(3) m(R) #1.

By Thm. 4.3, there exists B € PFAU and an isomorphism h : % — B.
Let m’ be the meaning function defined by m’(a) = h(m(a)). Then,

(1) for every equation [ =r € A, m/(l) = m/(r),
(2) for every p € ®, m/(p) =1,
(3) m'(R) £ 1.

Thus, it is not the case that ® =pr A R in PFM.
<) The proof in this direction is simple and is left to the reader. t

As a consequence of Cor. 5.1, the following theorem on the interpretabil-
ity of classical first-order theories in FL follows.

Theorem 6.5 Any first-order theory is interpretable in FL, i.e., given a
first-order theory ¥ and a sentence a, there ezists a set of fork formulas
Fy (constructed from ¥) and a fork formula to (constructed from o) such
that

¥hFa <~ Fy FrLto .

Proof Define Fy as {Tv o(): 9 € ¥} and tx as Ty ,(a). Then apply
Cor. 5.1. a

6.3 Modal Logics

In this section we present an introduction to modal logic. We begin by
introducing the notion of frame, and then the notion of Kripke model. Using
these structures we define satisfiability and validity in modal logics. For a
thorough treatment of modal logic we direct the reader to [P. Blackburn et
al. (2001)].

Definition 6.10 A frame is a structure (W, R) where W is a nonempty
set of possible worlds and R C W x W is a binary accessibility relation
between worlds.

Definition 6.11 Given a frame (W, R), a Kripke model is a structure
M = (W, R,m) where m is a meaning function that assigns subsets of W
to propositional variables.
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Definition 6.12 The inductive definition of satisfiability describes the
truth conditions depending on the complexity of formulas. For the atomic
formulas (propositional variables) we have:

(at) M,w = p iff w € m(p), for any propositional variable p.

For formulas built with extensional operators such as classical nega-
tion, disjunction, conjunction or implication, their satisfiability at a possi-
ble world is completely determined by satisfiability of their subformulas at
that world.

(7)) M,wE -aiff not M,w &= a,

M MywEaVaiff MjwkE aor M,w =B,
(AN MiwEaABiff MwlEaand M,w =G,
(=) MiwEa-giff M,wE-aVp.

For formulas defined from modal operators, such as [R] (necessity) and
{R) (possibility), we have

([R]) M,w = [R] o iff for all u € W, (w,u) € R implies M,u = «,
((R)) M,w = (R)« iff there is u € W s.t. (w,u) € R and M,u = a.

For the sake of simplicity, we use the same symbol for the relational constant
R that appears in modal operators and the accessibility relation that is
denoted by this constant.

In various modal logics, the accessibility relation is assumed to satisfy
certain conditions. If we call FRM(C) the class of all those frames in which
the accessibility relation satisfies a given set of conditions C, then the set
of all the formulas valid in that class is called the logic L(C). For example:

K = L(D),

T = L({ reflexive }),

KB := L({symmetric}),

B := L({ reflexive, symmetric }),
K4 = L({ transitive }),

KB4 := L({ symmetric, transitive }),
S4 = L({ reflexive, transitive }),
S5 := L({ equivalence }), etc.
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Definition 6.13 Given a Kripke model 9 = (W, R,m) and a modal
formula «, « is said to be true in 9 if

Mw k=« foralwe W .

Definition 6.14 A modal formula o is called valid if it is true in all
models.

6.4 Representation of Constraints in FL

In many nonclassical logics, accessibility relations in Kripke models must
satisfy some properties or ‘constraints’. We have already shown examples
of constraints assumed in particular modal logics in the previous section.
In this section we will show how these constraints can be captured in an
abstract relational language by using fork logic.

When constraints are given as first-order formulas predicating about
worlds, sometimes it is possible to capture these constraints by appealing
to relation algebra concepts, without using fork logic. For example, in the
case of the logic T, in which the accessibility relation must be reflexive, we
can represent this fact in relation algebra with the condition

T+R=1. (6.1)

If we look at (6.1) as a fork algebra equation, then a first advantage
is given by the representation theorem (Thm. 4.3). It allows us to look
at 1’ as the diagonal relation, + as the union between sets, and 1 as the
universal relation, property that is not shared in general by relation alge-
bras. Another advantage of fork logic is its expressiveness, since fork logic
allows us to express strictly more things than relation algebras. Recall that
while relation algebra terms are adequate for interpreting just a three vari-
able fragment of first-order logic (see [A. Tarski et al. (1987), pp. 76-87]),
Thm. 6.5 guarantees that all of classical first-order logic can be interpreted
in fork logic. An immediate consequence of this is that many developments
which resort to algebras of binary relations can now be carried on just by
resorting to the framework of abstract fork algebras.

In order to formalize the previous remarks, let A be a set of first-order
constraints defining a set of Kripke models. We represent the set A in the
logic F'L by {Tv,+(d) : 6 € A}.
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6.5 Interpretability of Modal Logics in FL

Throughout this section we will assume a fixed (but arbitrary) modal logic
L. Since the notion of satisfiability has a finer granularity in modal than
in classical logics because of the notion of satisfiability at a given world, we
will define a similar notion for FL.

Definition 6.15 Given an atomic fork model (U, m), z € A is called a
relational world if it is an atom satisfying £ < 1'y.

Definition 6.16 Given an atomic fork model F = (2, m), F satisfies
the fork formula « in a relational world w (denoted by F,w =pr @), if in
the fork algebra 2 the inequality w;m(a) # 0 is true.

In order to interpret L in FL we will proceed in the following way.

(1) We will define a mapping T from modal formulas to fork formulas.

(2) We will prove that given a Kripke model & = (W,R,m) and a
formula o, there exists a fork model F (constructed from £) such
that o is satisfied at a world w in R iff Tis(a) is satisfied in the
relational world { (w,w) } in F.

(3) We will prove that given a fork model F for L and a modal formula
o, there exists a Kripke model £ (constructed from F) such that
Tp(a) is satisfied at a given world w in F iff a is satisfied at w in

A

Definition 6.17 Before defining the mapping Tz, we define the mapping
T}y by:

(1) T}34(pi) = F;, where p; is a propositional variable and F; is a rela-
tional variable,

(2) Ty(-a) =1 U» (@),

(3) TM(a/\ﬂ) Ty (0)- Ty (B),

(4) Ty(aV B) = Ty () + Ty (B),

(5) Ty ((R) @) = R;Ty(a),

(6) Ta([Rla) = Ty (—(R) ~av).

We finally define the mapping Tas by Tar(a) = Th,(c)+ul.

For the sake of simplicity, in Def. 6.17 (5) and (6), we assume that the
constant R from the modal language is translated into a constant from the
language of fork logic that is denoted by the same symbol.
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Lemma 6.1 Given a Kripke model 8 = (W, R, m) for L, a worldw € W,
and a modal formula o, there exists F = (A,m') € AtPFM constructed
from R, and a relational world w' constructed from w such that

RuwEa = F,w' E=rp Tiy(e) .

Proof Let 2« be the full fork algebra with set of urelements W. 2 is
simple, proper and atomic. Let m/(P;) be the right-ideal relation with
domain m(p;). Let w’ be the relational world {(w,w)}. More generally,
given v € W, let v/ := { {(v,v) }. The remaining part of the proof proceeds
by induction on the structure of the formula a.

= p;:

RuEa

{by def. =1}

w € m(p;)

{by def. m'(F;)}
w € dom (m/(F;))
{by def. w'}
w'im!(Py) #0
{by def. =Fr, }
F,w' E=r Ty (o).

IR

RuwlEa

{by def. =}

8w

{ by inductive hypothesis }

F,w' L Thy(B)

{by def. béFL }

w';Ty(B) =0

{ by properties of binary relations }

w1y Tpe(B) # 0
{by def. =rz }
Fow' Err Tiy(a).

(A A A
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a=08Vy:

RwEao

{by def. =}

RwEpPfor RwkEy

{ by inductive hypothesis }

Fyu' e The(8) o Fyw' brp Thy(7)
{ by def. i=FL }

w';T3(B) # 0 or w';Tye(7y) #0

{ by properties of binary relations }
W' (T (B)+The(7) # 0

{by def. |=FL }

]-',w’ l=FL T],VI(OL)

(A

Rulao

{by def. =}

there exists u such that wRu and &, u =
{ by inductive hypothesis }

wRu and F,u' =pr Th(B)

{by def. =r1 }

wRu and v/;T3,(8) #0

{ by properties of binary relations }
w';R; Ty, (B) #0

{by def. ErL }

F,w' ErL Ty (a).

IS A

O

Lemma 6.2 Given F = (A, m) € AtSPFM, a relational world w and a
modal formula o, there exists a Kripke model R = (W, R, m') (constructed
from F) and a world w' € W (constructed from w) such that

F,w ErL Ty (@) = v Ea.

Proof Let us take W = Urely, R’ = {(z,y) e W?:z;m(R);y #0},
w' = w, and let m’ be defined by m/(p;) = {ue W:u;m(P,)#0}. In
order to prove the theorem we will proceed by induction on the structure
of the formula a.
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o =p;:
o=
a=pVy

Pt 111
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Fyw b=rr Ty (o)

< {bydef F=rr}
w;m(F;) #0

<> {bydef m'}
w € m'(p;)

< {bydef =}
R E=o.

Frw l=rr Tyy(a)

{ by def. T}, and =Fr }
w;ly; T (B) #0

{by Dom (T;(B)) - Dom <T1’V1(ﬂ)) =0 and w atom}
w; Ty (B) =0

{by def. =r}

Fyw Fre Ty (B)

{ by inductive hypothesis }
Rw' £

{by def. |}

Ruw' Eoao.

Fyw rL Ty (e)

{by def. =rr and Ty, }

w; (Tas(B)+Tas (7)) # 0

{ by properties if binary relations }
3T} (8) # 0 or w;Thy(7) #0

{by def. =rr }

F,w rr Ty (B) or Frw l=pr Ty (7)
{ by inductive hypothesis }

Ruw ELor Rw vy

{by def. =}

R v Ea

[ |
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F,w rL Ty (o)
<= {bydef [=py}
w; R;T,(B) # 0.

Since 2 is atomic, there is an atom u < Ran (R) - Dom (T, (8)).
Since Ran (R) < 1'y, u < 1'y, and therefore is a relational world.
Thus,

w; R;Th,(8) #0

{ by previous paragraph }
w;R;u # 0 and u; Ty, (8) #0
{by def. }:FL }

(w,u) € R and F,u =rg, T, (B)
{ by inductive hypothesis }

(w,u) € R’ and R,u =

{by def. =}

Rv Eo.

I 111

O

From Lemmas 6.1 and 6.2, we obtain the following result on the inter-
pretability of the modal logic K. In order to shorten notation, given a set
of modal formulas ¥, by Tas(\¥) we denote { T (¥) : ¢y € ¥ }.

Theorem 6.6 Given a set of modal formulas U and a modal formula ¢,
U '=K @ = TM(\I/) ;:FL TM((p) in AtSPFM .

Proof =) Let us suppose it is not the case that Ty (V) =g, Ty(p) in
AtSPFM. Then, there exists F = (A,m) € AtSPFM such that the set
of equations {Tp () = 1 : ¢ € ¥} holds in U, but Tas(p) # 1. Then,
Dom (T},(¢))- T’y # 0, and since 2 is atomic, there exists an atom w such
that w < Dom (Ty,(¢))-T'y. Then, since (Dom (T},(p))-1u);Ths(¢) =0,
we have w;Ty, () = 0. Thus the fork model F and the relational world w
satisty F,w E=rr Ty (¥) and F,w Eprp Tar(@). Then, by Lemma 6.2 there
exists a Kripke model & = (W, R/, m’) and w’ € W such that w’ satisfies
¥ in the model &, but does not satisfy ¢, which contradicts the hypothesis.
<«) Let us suppose it is not the case that ¥ =g ¢. Then, there exists
a Kripke model 8 = (W,R,m) and w € W such that w satisfies ¥ in
the model K, but ¢ is not satisfied. Then, by Lemma 6.1 there exists
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F = (/,m') € AtSPFM and a relational world w’ such that Tps(¥) holds
at w’ in F, but Tp () does not, which contradicts the hypothesis. O

The following corollary shows the real strength of Thm. 6.6.
Corollary 6.1 Given a set of modal formulas ¥ U { ¢},

YEke = Trm(Y) Fre Tu(yp) -

Proof By Thm. 6.6, ¥ =g ¢ iff Tase(¥) Err Ta(p) in the class of
AtSPFM. By Thm. 6.3, Ty (¥) Err Tum(p) in the class of AtSPFM
iff Tapg(¥) EEpr Ta(p). Finally, by completeness of equational logic [G.
Birkhoff (1944)], Tas (V) =rr Ta () iff Tar (%) brr Tae (). O

Theorem 6.6 is proved for the modal logic K, in which no constraints
are imposed over the accessibility relation. The next theorem generalizes
the previous result.

Theorem 6.7 Given a modal logic L(T'), where T is a set (not necessarily
finite) of first-order sentences,

Fru ¢ = Ty (D) Frr, Ta(p) -
Proof Follows directly from Cor. 5.1 and Cor. 6.1. d

6.6 A Proof Theoretical Approach

If the logic L under consideration has an axiomatic system that is complete
with respect to the semantics of (the language of) L, then we can prove
interpretability of L in fork logic in a proof theoretic style. As an example,
let us show how the equational calculus of fork algebras can be used for
proving interpretability of some specific modal logics.

Definition 6.18 The calculus for the modal logic K is given by the
following axiom schemas and rules:

(K) [R|(A— B) — ([R]A — [R]B).
(RN) {A} Fx [R]4
(MP) {4,A — B}k B.

The following theorem shows that we can replace provability of any
formula a in the logic K by provability of a fork logic formula obtained
from « in fork logic.
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Theorem 6.8 For every modal sentence «, we have
Fk o — FrL TM(a) .
Proof

=) We will proceed by induction on the length of proofs. Let us have a
proof of length 1, then a must be an instance of the axiom schema K.

Tu(K) = v T3 (RI(A = B)) + Th(RIA— [RIB) + 01

= 1y; Vs R0 The (A — B) + LusT'u;R;PuiTh (A)
+ Ty R; 1T (B) + ol
= R;Vu;iTh(A) + Tiy(B) + Lus RiTi(A)
+ 7 U,WB—)_ vl
= R; (Tig(4) Ty (B)) + RiTj(A) + T'u;RiTj(B) + oI
= vuiR; ((Tie(4) T(B)) + T5(A)) + VuiR;T3(B) + 01
> Vo RiT(B) + Vs RiTy(B) + ol
=yl + U1
=1.

Since Thr(K) > 1, it must be Ths(K) =1, as was to be proved.
If the length of the proof is greater than 1, then:

(1) a was obtained by RN from a formula 8, then if Txs(8) = 1, we
have

(2) a was obtained by MP from the formulas 8 and 3 — «. Then, if
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Trm(B8) =1 and Ty (B — &) =1, we have

Tr(a) =0 + Thle) + 1
=1y;0l + Ty(a) + ol
=1y;TB) + Tig(a) + oI
=Tu(B — o)
=1.

<) Let us suppose it is not the case that Fx o. Then, since the calculus is
complete, there exists a Kripke model 9 = (W, R, m) and a world w € W
such that MM, w kg a. Thus, by Lemma 6.1, there exists a fork model
F = (A,m') and a relational world w’ such that F,w’ gy «, which
contradicts the hypothesis. O

As a second example, let us consider the version of Thm. 6.8 for the
modal logic T.

Definition 6.19 The calculus for the modal logic T is obtained from the
calculus for the logic K by adding the axiom schema

(T) [R]A — A.

It is well known that the calculus T is complete with respect to those
frames whose accessibility relation is reflexive. Reflexivity can be easily
characterized as an equation in the calculus of relations. For instance, the
equation 'y < R says that R is reflexive when R is interpreted as a relation
on the set of urelements. Nevertheless, in the following theorem we will use
the characterization of reflexivity provided by the mapping Ty  (Def. 5.18)

Ty - (Vx(Rzx)) = 1U;(1’ \Y 1’;§) 18:1.

Even though the equation obtained in this way is more complex, it is
worth emphasizing that it was obtained automatically from the first-order
definition of reflexivity.
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Now we will show that both equations characterizing reflexivity are
equivalent.

Ty, (Vz(Rzz)) =1

== lu;(l’ A\ K ,ﬁ) 2i1=1 (by applying Ty o)
= lu;(l’ }?) 1= (by Ax. 5 and Thm. 3.2.1)
= lu;(l’ ﬁ);le (by BA)
= (ul:1) - (1%112) 1=0 (by Ax. 7)
= yl< (1’-1“2) 1 (by BA)
— 1Iy<7T-R (by prop. of right-ideals)
—= 1Ty<R (by BA)
<~ 1'y<R. (by monotonicity of *)

Theorem 6.9 For every modal formula «,
Fr o = Tv,s (Vz(Rzz)) Frp Tu(a) .
Proof Let us show that Ty , (Vz (Rzx)) Fpr T ([R]A — A).

Tr([RIA — A) = 1'y;10; R Ty Ty (A) + The(4) + oI
= R;T(A) + Tjy(A) + o1
> Py Th(A) + Ty (4) + ol
= 10T (A) + Vy;Tir(A) + ol
=yl+ul
=1

O

Next, let us consider the logic B, whose accessibility relation is reflexive
and symmetric. The following definition presents a calculus for B.

Definition 6.20 The calculus for the logic B is obtained from the cal-
culus for T by adding the axiom

(B) A— [R](R)A
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It is easy to show that applying the mapping T'v , to the first-order
sentence Vz, y( Rzy — Ryz) (which asserts the symmetry of R) we obtain
an equation equivalent to the simpler relational equation R = R.

Theorem 6.10  For every modal formula o,
Fp o = Ty,o (Vzy (Rzy — Ryz)) brp Tu(a) .

Proof Let us show that the axiom schema B satisfies Tjs(B) = 1. Ap-
plying the mapping T},, we obtain

Ty (A — [R](R) A)
= {by def. T}, }
1'y;Th(A) + Tu; Ry R T (A)
= {byBA}
y; Ty (A) + Vy;R; 10 R; T (A)
Uy;Ti(A) - Vy; Ry R Th(A)
= {by Thm. 2.3.19 and BA}
(T + vusTy(4) - (3T + Py R Py BT (A))
= {byBA, R="1y;R;Vy, T}, = Vu;T} }
ol + ((T(4) - (RET;A))
= {by R symmetric }
o + (@) - (RiE:Ty(4))
> {by(2:2)}
ol + L(R; Ty, (4) - (B;Ti(A))
—= {byBA}
ul + 1;0
= {by Thm. 2.3.1}
vl +0
= {byBA}
ul.

Thus, Tar(B) = Tl (B)+0T = yl+0l = L. O
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6.7 Interpretability of Propositional Dynamic Logic in FL

Propositional dynamic logic is considered as a programming logic, i.e., a
logic suitable for asserting and proving properties of programs. Dynamic
logic is a modal logic whose modal operators are determined by programs
understood as binary relations in a set of computation states. For thorough
presentations of dynamic logic see [D. Harel (1984); D. Harel et al. (2000)].
The following definitions provide a formal description of propositional dy-
namic logic.

Definition 6.21 Let us consider a set Py of atomic programs, and a set
Ey of atomic dynamic formulas. From these sets we will construct the sets
F of dynamic formulas and P of compound programs.

F and P are the smallest sets satisfying the following conditions:

(1) true € F, falsee F, Fy C F,

(2) f pe Fand g€ F then -pe F and (pVg) € F,

(3) ifpe F and o € P then (o) p € F,

(4) BbCP,

(5) f o € Pand B € P then (a¢UB) € P, (a;3) € P and o* € P,
(6) if p € F then p? € P.

Notice that in Def. 6.21 the sets I’ and P are defined by mutual recur-
sion, i.e., in order to define F' we assume the definition of P (in (3)) and in
order to define P we assume that F' is defined (in (6)).

Definition 6.22 A dynamic model is a triple ® = (W, 7,6 ) where W is
a set of states, T assigns subsets of W to atomic formulas, and § assigns
subsets of W x W to atomic programs. The mappings 7 and ¢ are extended
inductively to determine the meaning of compound formulas and programs
as follows:

T(true) =W,
T(false) =0,
7(-p) = 7(p),

T(pVq) =T1(p)U(g),

T({(oyp) ={s e W:3t((s,t) € s(a) Nt € 7(p))},

(0 8) = {(s,8) : Fu((s,u) € () A{u,t) € (8)) },
§(aUp) =d(a)ud(p),

6(p?) ={(s,8):s€7(p)},

d(a*) = §(ax)* (the reflexive and transitive closure of §{(a)).
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Propositional dynamic logic is know to have a complete Hilbert-style
calculus. The calculus is given in the following definition. The proof of
the completeness of the calculus is given in [D. Harel (1984)], Thm. 2.11,
p- 515.

Definition 6.283 The calculus for propositional dynamic logic is given by
the following axiom schemes and inference rules:

(A1) all instances of tautologies of the propositional calculus.

(A2) (@) (pV q) < ((@)pV{a)q).

(A3) (@;8) p « (@) (B) p.

(Ad) (@UB)p < ((a)pV (B)p).

(A5) (a*)p < (pV (@) (a*) p).

(A6) (¢”)p P Na.
(A7) [e*](p — [a]p) — (p — [a*]p)-

(A8) [a](p — q) — ([o]p — [a]q).

The inference rules for the calculus are, as in K, modus ponens and
generalization.

The presence of the Kleene star operator in the language of dynamic
logic requires a slight generalization of fork algebras in order to obtain the
interpretability result.

Definition 6.24 A closure AFA (CAFA for short), is a structure (2, )
such that 1 € AFA, and * satisfies the equations

R =1'+R;R", (Ax. 11)
R*;8;1< S;1 + R*;(S;1 - R;S;1). (Ax. 12)

The second equation was added for technical reasons. It is needed in
order to prove Thm. 6.11 below. In order to show its validity, let us analyze
its meaning. The second-order formula

VRVYSVz (Jy(zR*yAy € S) =
(zeSVIz(zR* 2Nz ¢ SATJw(zRwAw € 5))))

expresses that if a finite path exists in the graph induced by R, which
connects z with an element y € S, then, either z is already in S, or from x
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we can reach an object outside S which is R-next to an object in S§. This
is a desirable property of the operation *. Keeping in mind that right-ideal
relations represent sets, it is easy to see that Ax. 12 in Def. 6.24 represents
this second-order formula.

From closure fork algebras, it is an easy task to generalize fork logic
to the so called closure fork logic (denoted by CFL). The construction of
closure fork logic is analogous to the construction of fork logic.

In the forthcoming theorems the mappings Tpz and Tp defined below
will play a central role.

Definition 6.25 In order to define the mappings Tpy and Tp from dy-
namic logic formulas and compound programs, respectively, into terms in
the language of closure fork algebra with urelements, we first define the
mappings T, and Tp by mutual recursion.

Thr(p:) = P;, (p; an atomic formula.)

Tpy(true) = yl,

Tpr(false) =0,

Tpr(=p) = 1u;Tp.(p),

Tpr(pVq) =TpL(p)+TpL(a),
pr({R)p) = Tp(R);Tp(p),

Tp(R:) = R;, (R; an atomic program.)

Tp(RUS) =Tp(R)+Tp(S),

Tp(R;S) =Tp(R);Tr(S5),

Tp(R*) = To(R)",

Tp(p?) =TpL(p)-Lu.

Next, we define the mapping Tpr, by Tpr(a) = Th;(a)+ul.
In a similar way as in FL, we introduce the notion of closure fork model.

Definition 6.26 A closure fork model is a pair (2, m ) where 2 is closure
abstract fork algebra with urelements (CAFAU), and m is the meaning
function that assigns relations in A both to variables in RelVar and to the
extralogical symbols*. It is clear how to extend m homomorphically to a
function m’ : Q@ — A. For the sake of simplicity, we will use the name m
for both mappings.

*In this case, the extralogical symbols are the atomic programs and the atomic formulas.
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Lemma 6.3 Given a dynamic model D = (W, 1,8), there exists a closure
Jork model C = (A, m) such that for any dynamic formula ¢

dom (m(TpL(¢))) = 7(4)-

Proof Let R; be an atomic program, and p; an atomic formula. Let A
be the full fork algebra with set of urelements W. Let us define m (F;) =
{(s,z) : s € 7(p;) } and m (R;) = 6(R;). The proof is by induction on the
structure of the formula .

Y = pii

dom (m (T, (P:)))
= {bydef Ty}
dom (m (P,))
= {bydef. m}
7(ps).-

p = true:

dom (m (T (true)))
= {bydef Tp;}
dom (y1)
= {by W = Urely }
w
= {bydef 7}
T(true).

» = false:

dom (m (T (false)))
= {bydef Tp}

dom (0)
= {bydef 0}

0
= {bydef. 7}

7(false).
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dom (m (T (~P)))
= {bydef Tp,}
dom (u;m (Th, (7))
= {by m(Thy(p)) right-ideal }

W\ dom (m (Tp(p)))
= {by inductive hypothesis }

WA 7(p)
= {bydef 7}

7(—p).
p=pVg

dom (m (Tp(pV q)))
= {bydef Tp,}
dom ((m (T () +Tp1(2))))
= {by def. m}
dom (m (Tp,(p))) U dom (m (T (q)))
= {by inductive hypothesis }
T(p) UT(q)
= {bydef 7}
T(pV q).

¢ = {(Q) p: Let us prove by induction on the structure of @ that

m(Tp(Q)) = 6(Q) .

m (Tp(R:))
= {bydef Tp}
m (R:)
= {bydef. m}
0(R;).

Q=RUS:

m (Tp(RU S))
= {bydef. Tp}
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m(Tp(R)+Tp(S))
= {bydef. m}
m (Tp(R)) Um (Tp(S))
= { by inductive hypothesis }
(RYU&(S)
= {by def. §}
S(RUS).

m (Tp(R;S))
= {bydef Tp}
m (Tp(R);Tp(S5))
= {bydef. m}
m (Tp(R)) om (Tp(S))
= { by inductive hypothesis }
d(R)0d(S)
= {bydef. 5}
§(R;S).

Q = R*:

m (Tp(R*))
= {bydef Tp}
m (Tp(R)*)
= {bydef. m}
m (T»(R))"
= { by inductive hypothesis }
S(R)"
= {bydef. § }
§(R*).

Q = q7: By definition of Tp,
m(Tp(q?)) = (m(Tp(9) -T'v) -
But,

m (Tpr(2) Ty = { (w,w) € W*: w € dom (m (Tp(9))) } -
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Since the complexity of q is strictly smaller that the complexity
of ¢, by inductive hypothesis

m (Tp(q) T'v = {(w,w) e W*:wer(g)} =6(q?) .
Finally,

dom (m(T},((Q) p)))
= {bydef T} }

dom (m (Tp(Q); T (#))
= {bydef. m}

dom (m (Tp(Q)) om (Thy (#))
= { by previous lemma }

dom (§(Q)om (Tp(p)))
= {bydef o}

{seW:3teW((st)€d(@) AN tedom(m(Tp,(p)))}
= {by inductive hypothesis }

{seW. :FteW((st)ed(Q) N teT(p))}
= {bydef. 7}

7((Q)p)-

Theorem 6.11 Given a dynamic formula @,

FoL ¢ = Ferr Tor(e) -

Proof =) Proving that Fepp Tpr(yp), is equivalent to proving that
TpH (@) = ul. The proof proceeds by induction on the length of proofs. If
the proof has length 1, then ¢ must be an instance of one of the axioms.
Let us analyze each one of the axiom schemes.

(Al) If ¢ is an instance of a propositional tautology, Tp;(¢) = ul can be
easily proved.

(A2) By definition of «,

(@ (Ve = ((0)pVia)g)
=) (Ve — (@)pVieg) A (@) (pVe) — (a)pVia)q) -
Since T, (PAQ) =Tp, (P) -Tpy, (Q), it suffices to show that

Tpr (@) (pVg) = ((a)pVia)g)) =yl  and
Tpr ({e) (PV @)« () pV(a)g)) =ul .
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Thy ({a) (pVg) = (&) pV () q))

{by def. —}

Vy;Te(a); TpL(p) +Th(0) + Te(e);Th(p) + Tr(a);ThL(q)
{by Ax. 2}

Vy;Te (@) ; (Th, (0) +Th., (@) + Yu;Te (@) (ThL (p) +Thy (2))
{by Ax. 2}

vu; (Tr (@) Ty, ) 15, @) + Tr (2) 5 (Thr () +Th1 (0)))
{by BA}

ul.

Thy (@) (PV ) = (@) p V (@) 9))
{ by def. —}
1usTr (@) i Thr ) + T (a)Thy (@)

+ Tp(a); (TpL(P)+TpL(9))
{by Ax. 2}
1u;Tp (@) 5 (Thy, ) +Tp @) + TusTr (@) 5 (Thy(p)+Thy ()
{by Ax. 2}
vu; (Te (@); Thy @) +Ths @) + Tp (o) ; (Th(p)+Thy ()
{by BA}
ul.

Tpr ((o58)p < (@) (B)p)

{by def. &}

Tpr (({o;8) p — (a) (BYp) A ({a;8)p — (a) (B)p))

{by defs. —, « and T}, }

(vu; TP (@B) i Thy () + LuiTr (@) iTe (8) i Thy (7))
(V6T (@) 5T (B)5Th, ) + VuiTe (2i8) iThy (P))

{by def. Tp }

{by Ax. 2 and BA}

vl-ul

{BA}

ul.

TpL ((auB)p < ((a)pV (B)p))
{by def. &}

TpL (U B)p— ((e)pV (B p) A ((@UB)p = (a)pV(B)p)))
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{by def. Th, }
(rviTr @UB)iTh, ) + Tr (o) iThy (p) + Te (8) i Thy, (P))
(r0iTr (@) T, @) + Tr (B) T, @) + Tr (@UB) iThy (7))
{by def. Tp }
(ru;Tr @UB) i Th, @) + LuiTe (@ UB)sTh, (9))
(l’u;Tp (@UB);Th (p) + LYusTp (U B) ;T (p))
{by Ax. 2 and BA}
ul-yl
{by BA}
ul.

Tp({e®)p < (pV(a){(a")p))
{by def. &}

Tp(((@™)p— (pV () (@) p)) A ({(&")p— (pV(a)({a")p)))
{by defs. —, — and Tp }

(20T @) TpL @) + The, () + T (@) iTp (o) iThy, (7))
- (10The () TP (@) Tr (@) iTh,, () + T (a*) iThy (7))
{by def. Tp }
(r0iTe @73 Th, () + Th () + Te () 5Tp (@)" Thy, (7))
- (voiTh, @) + Tp (o) iTp (@) iThy () + Te ()" sThe, (7))
{by Ax. 2}
(0 TP @7 T5, B) + (U + Tr(2)iTp (a)") i Ty ()
(r0;(T+ Tr (@)5Tr (@) i Tp, () + Tp (@) iThy, ()
{by Ax. 11}
(vuiTe (@) Ths ) + TuiTe ()" iThs (7))
: (l’u;Tp (@) Tpy (p) + Ty Tp ()" ;T (p))
{by Ax. 2 and BA}
ul-ul
{by BA)
ul.

99
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(A6)
TpL((p?) g < pAq)
= {bydef <}
TpL (P g —pAg) A ((PT)a—pA0))
= {bydefs. —, «— and Tp; }
(0T @0 Th, @ + (The (#) Thy ()
- (vuiThy @) Th @ + (T (67)iTh; (0)))
= {bydef Tp}
(v0iThs @ Tu)iThs (@ + (Thy () Thy ()
(vusTh @) Thr @ + (b (7) - 10):Ths, (@)
= {by Tp (p) right-ideal }
(rviTp @) Tho @ + (Thr () Thy ()
(YuiTh, ) Th, @ + (Ths () Ty (0)))
= {by Ax. 2}
vu; (Te @) i Th, @ + (Tr (07) iThy (0)))
v (T (07) 175, @ + (Tp (7) iTpy ()
= {by BA}
vl-ul
= {by BA}
ul.

(A7)

Tpr ([e"] (p = [elp) = (p — ["]p))

=Pu;Tu;Te (0*) 3103V usTh, (0 + T'usTe (@) ;103 Th, (p)

+ VusThL (0) + VuiTe (@) ;1u;Th, (p)
=1y;Tp(a”);1 U,TbL( Y + Vu;Tp () TDL (p)

+ Vy;Thy (p) + Yu;Te (@) ;Th, (p) (by Thm. 2.3.19)
=Tp (o*); (Tho(p) - Tr (0) ;Tp, @)

+ 1’U,TDL( Y+ I'y;Te (o*); bL(p). (by Thm. 2.3.19)
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Now,

Tp (a); (Tho(@) - Tr (@) i Tho )

+ Vu;Tp(p) + Tu;Te (o*) ;Th(p) = ul

iff (by elementary Boolean algebra)

Tp (a*) Thr () < Tp (o) 5 (The(p) - Tr (@) iTho(@)) + UuiThy ()

iff (by properties of right-ideal relations)

Tp (a*) Ty () 551 < Te (o) 5 (The (9) 3151 - T (@) 5Ty () 3131)
+ LusThy (p) ;151

iff (by properties of right-ideal relations)

Tp (") iThy @) 11 < Tp (@) 5 (Tp () 5131 - T (@) i Th () i131)
+1y;Th; (p) ;151
If we call ¢ the term m—;i—, the last equation is equivalent to
Tp (@) ;01 < Tp ()" (¢;1 - Tp (@) ;451) + ¢31,

which is an instance of Ax. 12 in Def. 6.24.
(A8) That T}, ([ol(p — q) — ([a]p — [alg)) = ul, follows from the proof
of Thm. 6.8.

If the proof has length greater than 1, then ¢ was obtained by applying
either modus ponens or generalization. That these rules preserve provability
in fork algebras was already proved in Thm. 6.8.
<) Let us assume that Fcopr, Tpr(y), but ¥pr . Then there exists a
dynamic model M = (W,7,4§) in which ¢ does not hold. By applying
Lemma 6.3, from 9 we can construct a closure fork model F = (2, m)
satisfying:

dom (m (Tpr (¢))) = () .

Since ¢ is not valid in 9, must be 7(¢) # W, and thus, there exists
an element from W which is not in dom (m (Tpr(¥))). Then, in 2, the
equation Tpr(p) = 1 does not hold, and thus it is not provable, which
leads to a contradiction. g
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6.8 The Fork Logic FL'

The logic FL' (to be used in the remaining part of this chapter) is related
both to FL and to ETFR, as follows from the definitions to be presented
next.

6.8.1 Syntaz of FL'

We will assume that there are infinite disjoint sets UreVar and CompVar
such that IndVar = UreVarU CompVar. Intuitively, variables from UreVar
will range over urelements, while those in CompVar will range over arbi-
trary elements in the base of fork algebras.

Given a set of constant relation symbols P, we define the set of formulas
of the logic FL' (denoted by ForkFor(P)) as the set

{t1Rts : t1,t2 € IndTerm(0,0)* and R € RelDes(P)}.

Notice that any set P of constant relation symbols determines a lan-
guage. These languages will be referred to as fork languages. We will
denote the fork language on the set of constant relation symbols P by
L(P).

Notice also that the formulas in £(P) correspond to a subset of the
atomic formulas in ForETFR(0,0, P) (cf. Def. 5.6).

6.8.2 Semantics of FL'

Because of the relationship between L£(P) and ForETFR(0,0, P), the se-
mantics of FL' is naturally defined. For example, an adequate structure for
L(P) will be an adequate structure for ETFR(@, 8, P) as defined in Def. 5.11.
" In a similar way, the notion of model follows Def. 5.14. Since the language
of FL' is simpler than the language of ForETFR((, 0, P), we will present a
simplified version of the definition of ETFR model that we will use in the
remaining part of the chapter.

Definition 6.27 A fork model for a language £(X) is a structure F =
(A, m) such that

(1) 2 € SPFAU,
(2) m: RelVar U X — A is the meaning function, and
(3) m(V)=1Id.
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Clearly m extends homomorphically to a function m’ : RelDes(X) — A.
For the sake of simplicity we will denote both m and m’ by m. Notice that
in particular m(0) = @ and m(1) = V, the greatest relation of the fork
algebra . Notice that the class of FL' models corresponds to SPFM.

The notion of valuation differs from Def. 5.12, though. This is due to
the partition of IndVar into the sets UreVar and CompVar.

Definition 6.28 Given F = (2, m) € SPFM, a valuation over F is a
mapping v : IndVar — Uy satisfying

(1) v(z) € Urely if z € UreVar,
(2) v(z) € Uy if z € CompVar.

Every valuation v extends homomorphically to a mapping v’ : IndTerm —
Uy. We will denote both v and v/ by v.

The notion of satisfiability of a formula by a valuation is just a simpli-
fication of Def. 5.15

Definition 6.29 A fork formula ¢, Rt; is satisfied in F = (2, m) €
SPFM by a valuation v (denoted by F,v =prs t1 Rtg) if (V,(t1), Vi.(t2)) €
m(R).

Definition 6.30 A fork formula ¢; Rts is true in 7 € SPFM (denoted by
F EFr t1 Rty) if for every valuation v, F,v =gy t1 Ris.

Definition 6.31 A fork formula t, Rtz is valid in FL' (denoted by Epr
t1 Rto) if it is true in every F € SPFM.

This notion of validity extends in a natural way to sequences of formulas
Y1572 -0 Ve

Definition 6.32 A sequence of formulas v1, 72, - . . , & is valid if for every
fork model F and every valuation v over F, there exists ¢, 1 < i < k, such
that F,v |=FL’ Yi-

Finally, given sequences of formulas I'y,...,I',, we define:

Definition 6.33 The family of sequences of formulas (I';)1<i<n is valid
if for all 4, 1 < i < n, the sequence I'; is valid.
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6.9 A Rasiowa-Sikorski Calculus for FL'

The original Rasiowa-Sikorski proof system presented in [H. Rasiowa et
al. (1963)] refers to the classical predicate logic. The system is designed
for verification of validity of formulas of this logic. It consists of a pair of
rules for each propositional connective and each quantifier. Every pair of
rules, in turn, consists of a ‘positive’ rule and a ‘negative’ rule. A positive
(resp. negative) rule exhibits the logical behavior of the underlying connec-
tive or quantifier (negated connective or negated quantifier). For example,
the rules for conjunction are the following.

IanB,A  (PA)
To,A T,8,A

T,~{anB),A (NA)
F? _‘a’ ﬁIB’ A

The system operates in a top-down manner. Application of a rule re-
sults in the decomposition of a given formula into the formulas that are
the arguments of a respective connective or quantifier. In general, the
rules apply to finite sequences of formulas. To apply a rule we choose
a formula in a sequence that is to be decomposed and we replace it by
its components, thus obtaining either a single new sequence (for ‘or’-like
connectives) or a pair of sequences (for ‘and’-like connectives). In the
process of decomposition we form a tree whose nodes consist of finite se-
quences of formulas. We stop applying rules to the formulas in a node
after obtaining an axiom sequence (appropriately defined) or when none
of the rules is applicable to the formulas in this node. If the decompo-
sition tree of a given formula is finite, then its validity can be syntacti-
cally recognized from the form of the sequences appearing in the leaves
of the tree. In the present section we define a Rasiowa-Sikorski style sys-
tem for the fork logic FL'. In [R. Maddux (1983)] Maddux presented a
sequent calculus for relation algebras. The system we present here is an
extension of the proof system presented in Orlowska [E. Orlowska (1988);
E. Orlowska (1995)]. The system consists of a positive and a negative de-
composition rule for each relational operation from the language of fork
logic, and also of specific rules that reflect properties of the injective func-
tion * and the relational constant 1. This calculus can be considered a
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proof system for fork algebras in the sense that whenever we want to prove
an equation R = 1, it suffices to prove in the calculus the formula z Ry.

6.9.1 The Deduction System for FL’

In this subsection we will present the rules of the sequent calculus FLC for
the fork logic FL'. Since we are dealing with fork algebras with urelements
(required in order to interpret first-order theories), the calculus we present
is more involved than a calculus for fork algebras when no assumption is
done on the existence of urelements.

I, zR+Sy,A (P+) T,zR+5y,4 (N+)
I',zRy,zSy, A I'zRy,A T,zSy, A
T,zR-Sy, A (P) I,zR-Sy,8 (N-)
I'zRy,A T,zSy, A I',zRy,zSy, A
I'zR;Sy, A (P;) _ _F,TR§S%A_ _ (N3)
I''zRz,A,zR;Sy T,zSy,A,zR;Sy I'yzRzy,2z18y,A T,zRz3,225y, A
T, zﬁy, A (N7
I''zRy, A
F,Iﬁy,A (PV) F: Z}_\‘éy,A (NV)
I,yRz, A I'yRz, A
I,cRVSy, A (PV)
Iyluxv,A,zRVSy TI',zRu,A,zRVSy T,zSv,A,zRV Sy
I zRV Sy, A (NV)

T,yOuj % v1, zRuy, zSv1, A T,y0us + va, zRug, zSva, A
I',y0Qug x vz, zRus, zSv3, A TI',y0uq x v4,zRug,zSvq, A

zg xzal’y; xy2, A (PT) T,zy x220y1 xy2, A (NT)
Iz1Py1, A T,zely, A I, z10y1, 220y2, A
F, zRyvA (lyu)
I zl'z,zRy,A T,zRy,zRy,A
I, zRy, A (1)

T,zRz,zRy,A T, 2V'y,zRy, A
zl'y, A (Sym)
Iylz, A, z1y
INzly, A (Trans)
INzl'z,Ajzly T,20y,A,z1'y
L zl'y, A (Cut)
Nzxul'yxv,Ajzly zxuly*xv, A zly

D AN (/)]
Izly
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In rule (P;), 2 € IndTerm! is arbitrary. In rule (N;), z; € UreVar
and z2 € CompVar. In rule (PV), w,v € IndTerm are arbitrary. In
rule (NV), u1,us,v1,v3 € UreVar and uz,uq,v2,v4 € CompVar. In rules
(Vg) and (1'y), z € IndVar is arbitrary. In rule (T'rans), z € IndTerm is
arbitrary. In rule (Cut), u,v € IndTerm are arbitrary. Finally, in rule (U),
x € UreVar and y € IndTerm \ UreVar.

Definition 6.34 A fork formula £ Rt, is called indecomposable if it sat-
isfies either of the following conditions.

(1) R € RelVar U RelConst,
(2) R=S and S € RelVar U RelConst,
(3) Re {1,0}.

Definition 6.35 A sequence of formulas I is called indecomposable if all
the formulas in I" are indecomposable.

Definition 6.36 A sequence of formulas I' is called fundamental if either
of the following is true.

(1) T contains simultaneously the formulas t; Rt, and ¢, Rt,, for some
t1,t2 € IndTerm and R € RelDes.
(2) T contains the formula ¢1't for some ¢t € IndTerm.

Definition 6.37 Let T be a tree satisfying:

(1) Each node contains a finite sequence of fork formulas.

(2) If the sequences of fork formulas A;,...,A; are the immediate
successors of the sequence of fork formulas I'; then there exists an
instance of a rule from FLC of form

T
AL Ay - Ay

Then, T is a proof tree.

A branch in a proof tree is called closed if it ends in a fundamental
sequence.

Definition 6.38 A formula ¢; Rty is provable in the calculus FLC iff
there exists a proof tree T satisfying:

tIn order to simplify the notation, from here on we will refer to the set IndTerm(0,0)*
by IndTerm.
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(1) T is finite,
(2) t1 Rty is the root of T,
(3) Each leaf of T contains a fundamental sequence.

6.9.2 Soundness and Completeness of the Calculus FLC
Theorem 6.12  The calculus FLC is sound with respect to FL'.

Proof The proof proceeds in two steps. First, we prove that for any rule
the upper sequence of the rule is valid if and only if all the lower sequences
are valid. This property of the rules will be referred to as their admissibility.
Once the first step is established, the second step is an induction on the
structure of the proof tree as follows:

(1) If the tree has height 1 (i.e., the root is a fundamental sequence),
then it is trivially valid.

(2) Assume that if the tree has height less than or equal to n, then the
fact that all leaves contain fundamental sequences implies that the
sequence in the root is valid.

(3) Let T be a tree with height n + 1. If the transition from the root
to the nodes in the first level was obtained applying a rule R of the
form

r
Iy -« Iy’

let us call T; (1 < i < k) the subtree of T' with root I';. Since for all
t the height of T; is less or equal than n and all the leaves contain
fundamental sequences, the root of each T; must contain a valid
sequence. Since rules preserve validity in both directions, then the
sequence I" must be valid, as was to be proved.

Let us show as an example that the rule (PV) is admissible. The
admissibility of the remaining rules is proved in a similar way.

Let us consider a sequence of fork formulas T',t; RV Sty, A from a lan-
guage L(X). Let M = (A, m) be a fork model, and let v be a valuation
over M.

If M,v l=pp T,t1 RV Sty, A, then the following three possibilities arise:

(1) M7V }'—'FL’ e with S I‘,
(2) M, v |=FL’ §, with § € A,
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(3) M, v |=FL' t1 RV Sts.

If (1) or (2) are true, then it is immediate that the three sequences in
the lower part of the rule (PV) are satisfied in the fork model M by the
valuation v. If (3) is true, then, since the fork formula t; RV St; is repeated
in the three sequences in the lower part of the rule, then these sequences
are also satisfied in the fork model M by the valuation v.

On the other hand, if

- M,v Epp T tal'uxv, A t; RV Sty,
- M,v Epp Tt Ru, A, t1 RV Sty, and
- M,Il '=FL' I‘,t1S’U,A,t1RVSt2,

then the following four possibilities arise:

(1) M,v =gy v with v €T,

(2) M,y ':FL' 6 with § € A,

(3) M,l/ |=FL' thVStz,

(4) M,v |=FL’ tol'uxv, M, v =pr t1 Ru, and M, v Erp t1Sv.

If (1), (2) or (3) are true then clearly the sequence of fork formulas
T, t1 RV Sta, A is satisfied in the fork model M by the valuation v. If (4) is
true, then, by definition of fork (Def. 3.1), M, v |Ep1 t; RV Sty and thus,
M,Il '=FL’ I‘,thVStg,A. O

Definition 6.39 A proof tree T of a sequence of formulas I is called
saturated if, intuitively, all the applicable rules were applied in the open
branches. Formally speaking, a proof tree of I' is called saturated if for
every open branch B, the following conditions are satisfied:

(1) If zR+ Sy € B, then both xRy € B and zSy € B by an applica-
tion of rule (P+).

(2) fzR+Sy € B, then either zRy € B or Sy € B by an application
of rule (N +).

(3) If zR-Sy € B, then either zRy € B or Sy € B by an application
of rule (P-).

(4) IfzR-Sy € B, then both Ry € B and Sy € B by an application
of rule (N-).

(5) If zRy € B, then xRy € B by an application of rule (N7).

(6) If zR;Sy € B, then for all t € IndTerm, either zRt € B or
tSy € B by an application of rule (P;).
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(7) If 2R;Sy € B, then for some z € IndVar both zRz € B and
28y € B by an application of rule (N;).
(8) If zRy € B, then y Rz € B by an application of rule (P").
(9) If zRy € B, then yRz € B by an application of rule (N).
(10) If z xyl’'u % v € B, then either z1'u € B or yI'v € B by an
application of rule (P7’).
(11) If z xyO'u v € B then both z0'u € B and y0’v € B by an
application of rule (N1).
(12) If z Ry € B, then for all z € IndVar either z1’2 € Bor zRy € B
by an application of rule (1',).
(13) If z Ry € B, then for all z € IndVar either xRz € Bor 21’y € B
by an application of rule (1;).
(14) If x’y € B, then y1’z € B by an application of rule Sym.
(15) If z1’y € B, then for all z € IndTerm either z1’2€ Bor z1’y € B
by an application of rule (T'rans).
(16) If 21’y € B, then for all u,v € IndTerm either cxul’y v € B or
zxul0'yxv € B by an application of rule (Cut).
(17) If RV Sy € B, then for all u,v € IndTerm one of the formulas
yluxv, zRu or zSv is in B by an application of rule (PV).
(18) IfzRV Sy € B, then there are u,v € IndVar such that the formulas
yOuxv, zRu and zSv are in B by an application of rule (NV).
(19) For all « € UreVar and y € IndTerm \ UreVar, 21’y € B by an
application of rule (U).

Definition 6.40 Given X C RelConst, we define the order of R €
RelDes(X) (denoted by o(R)) by the conditions:

(1) o(R) =1if R € RelConst U RelVar U {1},

(2) o(R)=0(S)+1if R=Sor R= 8,

(3) o(R) =max{o(S),o(T)}+1if R=S+T,R=S-T,R=8;T, or
R=S8VT.

Theorem 6.13  The calculus FLC is complete with respect to FL', i.e.,
if a formula t Rt' is valid in FL', then it is provable in FLC.

Proof Assume tRt' is not provable in FLC. Then, no proof tree exists
that provides a proof for t Rt’. In particular, no saturated tree with root
t Rt' provides a proof. Therefore, if T is a saturated tree, there must exist
an infinite branch B in T.
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Let = be the binary relation on IndTerm defined by
T=y = 'y ¢ B.

Let us prove that = is an equivalence relation.

Since for all t € IndTerm t1't ¢ B (otherwise B would contain a fun-
damental sequence), = is reflexive.

If t1,t2 € IndTerm satisfy t; = to (or equivalently ¢,1't; ¢ B), then
ty = t;. Otherwise, if t51t; € B, then, by application of the rule (Sym)
t11't; € B, which is a contradiction.

Ift) =ty and ty = t5 (t1 1t ¢ B and t21't3 ¢ B), let us show that
t; = t3. If ¢; # t3, then t;1't3 € B. Thus, by one application of the rule
(Trans) either 11ty € B or t1't3 € B, which is a contradiction.

Let 2 be the FullPFA with underlying domain { |z| : * € IndTerm } and
pairing function % defined by |z|* |y| = |z xy|. If |z1| = |zo| and |y1| = |y2|
then must be |z, x y1| = |22 % ya|. Otherwise, if |21 * 1| # |22 * y2|, then
z1xy1 I zaxys € B. Applying rule (P1’) either 211’23 € Bor y; 'y, € B,
which is a contradiction. Then, * is a well-defined function.

Let us check that * is injective. If [t;|*|t2| = |t3]|*|t4| then, by definition
of x, ltl*t2| = It3*t4l. Thus, txta 1" taxty ¢ B. If |t1| #* ltgl thent;1't3 € B.
Applying the rule (Cut) either t; *t21'tz3 xt4 € B or t; »t30't3 x4 € B.
Since t; xta 'tz xt4 ¢ B, then t1 xt20°¢3 x4 € B. Applying rule (N1')
yields that t;0’t3 € B, thus B would be a closed branch, which contradicts
our assumptions. We then conclude that [t1| = |t3]. In a similar way we
prove that |ta| = |t4|.

Notice that Urely = {|z| : z € UreVar }, because if |z| = [t1] * [t2| then
|z] = |1 xt2|. Then, z1't; ¥ty ¢ B. By applying rule (U) we arrive at a
contradiction. Thus, 2 € SPFAU.

Let us define, for R € RelVar U RelConst,

(Ital, [2]) € m(R) <  tRi¢B.

Let us check that m is well defined. Let us see that whenever t; = t3 and
to = g, if (|t1|,|t2|> € m(R) then <|t3|,|t4|> € m(R). Since <It1l,|t2]> €
m(R), t1Rty ¢ B. If (|t5|,|ts]) ¢ m(R), then t3 Rty € B. Applying
rule (1’,) implies that either t31'¢t; € B or t; Rty € B. If t31't; € B,
applying rule (Sym) implies that t11't3 € B. Since t;1'ts ¢ B, then
t1 Rty € B. Applying rule (1'5) implies that either t; Rty € Borty1't; € B.
If t41’t2 € B, one application of rule (Sym) would imply that t21t4 € B,
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which is not the case. Thus, ¢; Rts € B which also leads to a contradiction.
We have then shown that (|ts], [t4]) € m(R).

Therefore the structure M = (2, m) belongs to SPFM.

Let v be the valuation defined by v(z) = |z|, for £ € IndVar. Let us
show by induction that V,(t) = [t] for all ¢ € IndTerm. By definition it
is true for variables. If t = t; % ta, V,.(t) = V,(t1 *x t2) = V. (t1) * V. (t2) =
Itll * |t2| = 'tl *tzl.

Let us define

S ={ae€ ForkFor : M,v =g a A a € B} .

Notice that since t Rt’ is valid, M, v =gy t Rt’, and thus S # (. Then,
since the set S is well-ordered by o, by Zorn’s lemma S has a minimum
element o'.

Notice that o’ cannot have the shape t;1'ts because, since o € S,
A, v =rr t11t3. Then, it must be |t1] = |ta], which implies ¢;1't2 ¢ B, a
contradiction.

Notice also that o cannot have any of the following shapes:

tiRts,  tBts, iRty
t1R+St2) t1R+St27 th'Stza
th'St2, th;Stz, thVStz,

because in any of this cases a formula o appears in S satisfying o(a”) <
o('), contradicting the minimality of .

If o/ = t1 R;Stq, by definition of the saturated tree there exists a level
in B in which we have a derivation with shape

FllaaI’P2I (P,)
I‘llv thZ, P2I’ o Flla ZStZ, F2,a o

and z satisfies M,v Epp t1 Bz and M,v Epr 2Sts. Therefore, there
exists o’ € S with o(a”) < o(').

If o/ = t; RV Sts, by definition of the saturated tree there exists a level
in B in which we have a derivation with shape

1-\1/, Cl/, Fgl (PV)
I‘l',tzl’u*v,l"2’,a’ I‘l',thu,I‘g',a’ I’l’,tlsv,I‘z’,a’ 5

and u and v satisfy M, v |=pp 11 uxv, M,v |=pr t1 Ru, and M, v =g
t2 Sv. Therefore there exists o” € § with o(a') < o(c/).
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From the previous arguments, it follows that o’ must be indecompos-
able.

If o = t1Qts for some Q € RelVar U RelConst, and t1,t5 € IndTerm,
then, since M,v =pp o, (|t1], [t2]) € m(Q), but this is so if and only if
(by definition of m), t; Qt2 ¢ B, which leads to a contradiction.

If o/ = t;Qt, for some Q € RelVar U RelConst, and tq,ty € IndTerm,
then, since M,v =pp o, (|t1], [t2|) ¢ m(Q) or, equivalently, t; Qt; € B.
Since t, Qt € B too, B is closed, which is a contradiction.

If o/ =t10't, for ty,ty € IndTerm, then, since A, v E=ppy o, (Jt1], |t2]) €
m(0), and thus |¢;| # |t2|. This implies that ¢;1’t; € B and also that B is
closed, which is a contradiction. (]

6.9.3 Exzamples of Proofs in the Calculus FLC

As an exercise let us show that some valid properties of fork algebras are
provable in the calculus FLC. As a general practice we will sometimes
omit some formulas when passing from a level to the level below, provided
the formulas are not required to obtain the fundamental sequences. This
will not affect the soundness of the calculus, and will simplify reading the
proofs.

Let us prove that (RVS);(TVQ)” < R;T - S;Q. In order to start
the derivation, we need first to convert the formula into an equation of the
form ¢t = 1. Notice that in general, R < S <= R+S = 1. Then,

2(RVS); (TVQ) + R;T-8;Qy (P+)
2 (RVS) ; (TVQYy,zR;T-S;Qy (NV3)
_,,:'RVSZI‘zl(TvQ)“y,zR;T-S;Qy a:RVSzz,z2(TVQ)Vy,-TR;T'S;Qy
28 E2

In the sequence 31, z; € UreVar, while in ¥, 25 € CompVar. Let us
analyze each sequence.

If we apply the rule (N'V) on sequence ¥, then we obtain the following
four sequences

—_— o v

(1) 2,0'uy *v1, 2 Ruy, 281,21 (TVQ)’y,zR;T-5;Qy, with u; and v;
from UreVar,

(2) 210’ ug *v2, 2 Rug, x Sva, 21 (TVQ)“y,xR;T . 8;Qy, with ug from
UreVar and vy from Comp Var,
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(3) 210'u3 * v3,zRusz,zSvs, 21 (TVQ)“y,a:R;T-S;Qy, with u3 from
CompVar and vs from UreVar,

(4) 2,0’ ug * v4, z Rug,z8v4, 21 (L VQY y,zR;T-S;Qy, with the indi-
vidual variables u4 and vy from Comp Var.

Any of the four branches is closed by applying the rule (U) once in each
branch, adding the fork formula z;1" u; xv;, 1 <1 < 4.

Regarding branch Y, applying rule (NV) we obtain (as with ¥,) the
following four sequences

(1) 220"y % vy, zRug,28v1, 20 (TV Q) y, zR;T-8;Qy, with u; and vy
from UreVar,

(2) 220 ug % vy, x Rug, ©5v2, 20 (T V Q) y,z R T S;Qy, with ug from
UreVar and vy from CompVar,

(3) z0'ug * v3, s Rug, £Svs, 22 (1 VQ) v,z R;T-8;Qy, with ug from
CompVar and vs from UreVar,

(4) 2207wy x vq, x Ruy, S0y, 2 (TVQ)”y,:cR;T-S;Cv)y, with the indi-
vidual variables u4 and vy from Comp Var.

We then proceed in the same way with the four branches, as follows.

200 u; * vy, x Rui, 2 Svs, 22 (TVQ)y, :I:R;T’-S;Qy (NY)

220 u; % v, 2 Rus, 28v;, yTV Q22,2 R;T-S; Gy (1)
200 u; x v, z Rug, 2 Sv;,y TV Quy *vi,yTVng,:zR;’f-S;Qy 200 u; % v, u; vy 1 29
P T4

Regarding branch ¥4, we have

2007 u; * vy, u; xv; 1 20 (Sym)
290 u; * Vi, 22 1 u; xv;

The last sequence is clearly fundamental, and thus the branch is closed.
Regarding branch ¥3, we proceed as follows.

220 u; % v;, e Ru;, £8v;, yTV Qu; % v, yTV Q22,2 R;T-8;,Qy (NV)
TRui, zSvi,ui xv; 01 x 85,9175, yQs;, zR;T-8;Qy (P)

zﬁui,u*'uiO’rj * sJ-,yTrj,zR;Tv‘y 28 v;,u; *v; 07 Sj,yQSj,Is;Quy

Ls,i,5 6,i,j

Since none of the sequences ¥ ; ; or ¥g; ; are closed, we will derive a
closed tree for each sequence. For the sequences Y5 ; ; we have:
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T Rui,u; xv;0'r; *sj,yTrj,a:R;Ty (NT)
tRus,u;0rj,v;0s5,yTr;, 2 R; Ty (P;)
ul-O’rj,yTrj,uiTy (P)
uw; 0'ry, yTrj, yTu (')
zRu;,xRu;  yTu;,yTu; u,0rj,uU'ry

Finally, for the sequences g ; ; we have:

zSv;,ui % v; 075 % sj,y_Q_sj,:vS;Qy (ND)
S, w01, 0,0 8;,yQs;,x8;Qy (P;)
v:i0s,yQs,v:Qy (P7)
B _ v;0°s,yQ s, yQu; (L)
zSv;, xSv; yQui,yQus v;0s5,v1s;

Let us now prove the other inclusion, namely that

R;T - $;Q < (RVS);(TVQ)" .

«R;T - 8;Q + (RVS);(TVQ)'y (P+)

eR;T - S;Qy,z(RVS);(TVQ)y (N-)

«R;Ty,28;Qy,2(RVS) ;(TVQ)y (N3)
z'ﬁul,'zn%y,zmy,m(RVS) (TVQ)y zﬁug,ug%y, zmy,z(RVS) (TYVQR)Yy

e, 2

In the sequence ©,, u; € UreVar and uy € CompVar, We will proceed
the derivation with ©;, since the same steps can be applied indistinctly to
Q.

cRuy, u1Ty, 25:Qy, z(RV S);(TVQ)y (NV3)
zRu1, uy Ty, 2Sv1,v1Qy, 2 (RVS);(TVQR)"y  zRui,u; Ty, z5vs,v2Qy, «(RVS) (T VQ)y

o3 Sy

In sequences ©3 and ©4, v; € UreVar and vy € CompVar. We will
proceed the derivation with ©3, although the same steps apply to sequence
O4.
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sRuy, u Ty, 2501, v, Qu, 2 (RVS) ;(TVQ)"y (NY)
mﬁun yTul, xgvl, V1 Qy, x(RVS) ) (TVQ)V?J (Nu)

£Ruy,yTuy,2Sv1,yQuy, z(RVS) ;(TVQ)y (P3)
tRuy, zSv1,z(RVS)uy x vy yTuy,yQui,us xv1 (TVQ) 'y
o5 66

Since both sequences O5 and ©¢ are not fundamental, we will proceed
with the derivation. For sequence O5 we have:

zRu;,zSv;, z RV Su; x vy (PV)
uy *v1Puy xv; zRui,zRu; zSvy,z8u

The last sequences are all fundamental.
Finally, for sequence ©g we have:

yT_ul,yZQ—vl,ul * U1 (TVQ)Vy (PV)
yTUlyyavhyTqul * U1 (PV)
up kv Puyxvy yTuy,yTu; yQui,yQuy

6.10 A Relational Proof System for Intuitionistic Logic

In this section we prove interpretability of intuitionistic logic in the fork
logic FL' and extend the proof system FLC to a relational proof system
for intuitionistic logic.

6.10.1 Intuitionistic Logic

The syntax and semantics of the intuitionistic logic (Int) are defined as
follows.

Definition 6.41 The alphabet of Int is given by:

(1) an infinite countable set of propositional variables, that will be
denoted by PropVar,

(2) the set of propositional connectives { -, V,A,— }, and

(3) the set of auxiliary symbols { “(”, “,”, )" }.

Definition 6.42 The set of intuitionistic formulas (denoted by IntFor)
“is the smallest set satisfying
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(1) PropVar C IntFor,
(2) fa, B € IntFor, then { (-a), (e V B),(a A B), (@ — B)} C IntFor.

Definition 6.43 An intuitionistic model is a triple (W, R, m ) in which
(2) RC W x W is a reflexive and transitive relation,
(3) m : PropVar — P (W) satisfies the heredity condition given by:

If wRw' and w € m(p), then w’ € m(p) .

Definition 6.44 Let J = (W, R,m) be an intuitionistic model. A for-
mula o is satisfled in a world w € W (denoted by J,w [ «) if the
following conditions are satisfied:

a =p; € PropVar:

J,w ’=Int Pi if we m(p,) .

a=-0:

Jwkm -8 iff (Vw'eW)(wRw' =T,w B B) .
a=06Vy:

Jwkm BVvy i Jwkm BordwkEmy.
a=8Ay:

JwkEm Ay ff Jwkm BandJ,whkm v.
a=0—7:

JwkEmpB—y iff
(Vw' € W) (wRw' and J,w’ =1 B implies J,w’ Fpne ) -

Definition 6.45 A formula a € IntFor is true in an intuitionistic model
J=(W,R,m) (denoted by J =yn: @) if, for all w e W, J,w =1t @

Definition 6.46 A formula is Int-valid if it is valid in all intuitionistic
models.
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6.10.2 Interpretability of Intuitionistic Logic in FL’

In this section we will present a mapping 717 : IntFor — RelDes that will
allow us to interpret the logic Int in the logic FL'.

Definition 6.47 Let us have a fork language with one constant symbol
R interpreted as an accessibility relation from intuitionistic models. Let us
define the recursive mapping T7 : IntFor — RelDes as follows:

(1) T1(p:) = R; with p; € PropVar and R; € RelVar.
(2) Tr(~a) = R;Ti{w).

(3) Tr(a A B) =Ti(a) - Ti(B).
(4) Ti(aV B) = Tr(e) +T1(B).
(5)

5) Ti(a = B) = B; (Ty(e) T1(B) ).

Since the accessibility relation in intuitionistic models satisfies condi-
tions of reflexivity, transitivity and heredity, we will define abstract rela-
tional counterparts of these conditions, as follows:

(Cl) : Py <R, (reflexivity)
(C2) : R;R <R, (transitivity)
(C3) : (Ri-R);R; =1, (heredity)
(C4) : R; <yl for all g, (R; has urelements in its domain)
(C5) : R;;1 =R, for all 4, (R; is right-ideal)
(C6) : R<yl;ly. (R is defined in the set of urelements)

Lemma 6.4 Let I =(W,R',m) be an intuitionistic model. Then, there
exists F = (A, m') € SPFM constructed from J satisfying conditions (C1)-
(C6) such that for all w € W and for all ¢ € IntFor

J,w Ene ¢ = w € dom (m/ (T1(p))) .

Proof Define 2 as the FullPFAU with set of urelements W, let m/(R) =
R', and for each R; € RelVar define m/(R;) = {{(z,y) : z € m(p;) }. Con-
ditions (C1)—(C6) hold in F because of the way m’(R) and m/(R;) are
defined.

The remaining part of the proof proceeds by induction on the structure
of the formula ¢.
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@ = p; € PropVar :
J,w e pi iff w € m(p;)
iff w € dom (m/(R;))
iff w € dom (m/ (Tt (p:))) -
p=a:
Jw e ~aiff (Vo' € W) (wR'w = J,w By a)
iff (V' € W)(wR'w' = w' ¢ dom (m' (Ty(«))))
iff (Fw' € W)(wR'w' Aw' € dom (m’ (Tr(a))))
iff (Fuw' € A) ((w,w’) € m'(R) Aw' € dom (m’ (T1())))
iff w € dom ( V;m! (T1(a )
iff w € dom ( (R Tr (o) ))
iff w € dom (m/ (T1(~a))) .

p=aVvf:
JwkmaVBift Jwlkm aor J,wkrm B
iff w € dom (m' (Ty (o)) or w € dom (m' (T1 (B)))
iff w € dom (m/ (T1 (e)) Um/ (T1 (8)))
iff w € dom (m/ (Ty (a V B))).

@ = a A B: Proceeding along the same lines as we did with Vv,
J,w Eme aABiff w e dom (m' (Tr (a A B))) .
p=a—f:
37w '=Int a — ﬁ
ff (V' e W)(wR W AT, W Em B = T, Eme)
ff (Fw' e W) (wR w AT, w' =me BAT, W' Frnt )
ff (Fw' € W) (wR'w' Aw' € dom (m/ (T1 (B))) A
w' ¢ dom (m/ (T} (7))
iff (Fw' € A) ((w,w') € m' (R)A
w’ € dom (m/ (T (8))) Aw' ¢ dom (m/ (T} (v))))
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iff w € dom (m’ (R); (m’ (Tr (o)) -m/ (T (ﬁ))))

iff w € dom (m’ (R; (T] (a) m)))
iff w € dom (m' (Ty (o — B))) .

O

Lemma 6.5 Let F = (A, m) € SPFM satisfying conditions (C1)-(C6).
Then, there exists an intuitionistic model I = (W, R',m’) constructed from
F such that for allw € W and for all ¢ € IntFor

w € dom (m (T7(¥))) = Jw Eim ¢

Proof Let us define W = Urely, R’ = m(R), and for all p; € PropVar
define m'(p;) = dom (m (R;)). Notice that by conditions (C1)-(C6), R’
is a reflexive and transitive relation on W, and the heredity condition is
satisfied by m/. The remaining part of the proof proceeds by induction on
the structure of the formula .

=D
w € dom (m (T7(p:))) iff w € dom (m (R;))
iff we m'(pi)
iff jaw ‘=I'n.t Di.
(p = &

w € dom (m (Tr(~)))
iff w € dom (m (R—,TI—(E)_))
iff w € dom (W}
iff (Fw' € A) (wR'w' Aw' € dom (m (Tr(ar))))
iff (Fw' € W)(wR'w' Aw' € dom (m (T}(c))))
iff (Vo' € W) (wR'w' = ' ¢ dom (m (Ty(e))))

iff (Vu’' € W) (wR'vw' = 3,0 Em o)
iff j, w i==]nt Q.
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p=aVpg:

w € dom (m (Ty{aV B)))
iff w € dom (m (T7()+T1(B)))
iff w € dom (m (Tr(a)) Um (T7(B)))
iff w € dom (m (Tr(e))) or w € dom (m (T;(B)))
iff J,w e ¢ or J,w = B
ff J,wEmaVpB.

p=aAf:

w € dom (m (Tr(a A B)))
iff w € dom (m (T1(a)-T1(B)))
iff w € dom (m (T1(a)) N m (T1(B)))
iff w € dom (m (T1(a))) and w € dom (m (T1(5)))
ff JwEm oand J,wm 6
iff J,whEm aAp.

(Pza——»ﬂ!
w € dom (m (Tr(a — B)))

iff w € dom (m <R; (Tl(a)'m)))

iff w € dom (R’; (m (Tr(@)) m))
iff (Juw’ € W)(wR'w' Aw' € dom (m(T(ar)))
Aw' ¢ dom (m(T(B))))
iff (V' € W)(wR'w' Aw' € dom (m(T1(a)))
= w' € dom (m(T1(B))))
iff (Vw' € W) (wR' W AT, w' Emea = J,w =m B)
iff 3w Em a— b

O

Let us denote by K the class of those fork models (A, m) € SPFM where
conditions (C1)—(C6) hold. In the remaining part of the chapter we will
denote by FL* the fork logic induced by the class of fork models K in the
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following way
F:FL)C .'L'Ty > YM e ’C(M ':FL’ .’ET’y) .

Theorem 6.14 Let ¢ € IntFor. Then, given individual variables x €
UreVar and y € CompVar,

Ernt ¥ = Errc zTi(¥)y .

Proof Let us prove the contrapositive. If Fr,: 1, then there exists an
intuitionistic model J = (W, R,m) and w € W such that J,w Er, .
Then, by Lemma 6.4 there exists a fork model F = (2, m’) € K such
that w ¢ dom (m/ (T (1))). Let v be a valuation satisfying v(r) = w, then
FvEpe 2T1(¥)y, and thus Eprc 2T (¥)y.

If Eprc xTr(¢)y, then there exists a fork model F = (™A,m) €
and a valuation v such that (v(z),v(y)) ¢ m(T1(¥)). Thus, v(z)
dom (m (T1(¥))). By Lemma 6.5 there exists an intuitionistic model J
(A, R',m') such that J,v(z) #1ns ¥, and thus Ep,; 1.

Ol wm &

6.10.3 A Fork Logic Calculus for Intuitionistic Logic

In this subsection we will present a calculus for intuitionistic logic based on
the calculus FLC. The calculus will be obtained by adding specific rules
and modifying the notion of fundamental sequence in the calculus FLC.
The calculus will be denoted by Int-FLC.

Throughout this subsection we assume we are working with a fork lan-
guage L(R) with only one constant symbol as in Def. 6.47.

Definition 6.48 A sequence of fork formulas T is Int-fundamental if any
of the following conditions are true:

(1) T is fundamental according to Def. 6.36, or
(2) the fork formula z Rz € T for some z € UreVar.

Condition (2) reflects the property that the intuitionistic accessibility
relation R is reflexive on the set of urelements.

We define the intuitionistic calculus Int-FLC by adding the following
specific rules to those of FLC.

I,zRy,A (TranR)
I'zRz,zRy,A T,zRy,zRy,A
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I,zRy,A (H)
I'2zRxz,zR;y,A T,zR;y,zR;y, A

zR;y, A (RI)
I'zR;y,xR;z, A

r (RUT) r (VarUr)
I'zRy I'zR;y

In rules (TranR) and (H), z € UreVar is arbitrary. In rule (RI),
z € IndTerm is arbitrary. In rule (RUr) either z or y belong to IndTerm \
UreVar, and in rule (VarUr), £ € IndTerm \ UreVar. The admissibility
of rule (TranR) is equivalent to the transitivity of the relation R. The
admissibility of rule (H) is equivalent to the validity of the heredity con-
dition. The admissibility of rule (RI) is equivalent to relational variables
being interpreted as right-ideal relations. The admissibility of rule (RUT)
is equivalent to R being defined only on urelements. Finally, the admissi-
bility of rule (VarUr) is equivalent to variables having urelements in their
domain.

Notice that the last comments imply the soundness of the calculus Int-
FLC.

Theorem 6.15 The calculus Int-FLC is sound with respect to the logic
FIF, i.e., given tQt' € ForkFor

Fine-rrc tQ = Erc tQt.

Definition 6.49 A proof tree T of a sequence of formulas I is Int-
saturated if in all open branches B, the following conditions are satisfied.

(1) Conditions (1) through (19) from Def. 6.39,

(2) If zRy € B, then, for each z € UreVar, either xRz € Bor zRy €
B by an application of rule (TranR).

(3) If zR;y € B (R; € RelVar), then, for each z € UreVar, either
2Rz € B or zR;y € B by an application of rule (H).

(4) If zR;y € B (R; € RelVar), then, for all z € IndTerm, zR;z € B
by an application of rule (RI).

(5) For all z,y € IndTerm such that £ € IndTerm \ UreVar or y €
IndTerm \ UreVar, x Ry € B by an application of rule (RUT).

(6) For all z € IndTerm \ UreVar and y € IndTerm, zR;y € B by an
application of rule (VarUr).
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Theorem 6.16 The calculus Int-FLC is complete with respect to the
logic FL¥, i.e., given tQt' € ForkFor

Erc tQt = Fme-FLC tQT .

Proof The proof will follow the lines of the proof of Thm. 6.13, and
therefore the reader will be directed there for some parts.

Assume tQt’ is not provable in Int-FLC. Then no proof tree exists
that provides a proof for tQt’. In particular, no Int-saturated tree with
root tQt’ provides a proof. Therefore, if T is an Int-saturated tree, there
must exist an infinite branch B in T.

Let = be the binary relation on IndTerm defined by

T=Y = 1’y ¢ B.

The proof that = is an equivalence relation is the same as in Thm. 6.13.
Let 2 be the FullPFAU with set of urelements { |z|: z € UreVar } and
pairing function x defined by |z|x|y| = |z*y|. Proving that « is well defined
and injective is done as in Thm. 6.13.
Let us define, for R’ € RelVar U { R},

(Ital, [t2]) € m(R') = t1R'ty ¢ B.

That m is well-defined is proved as in Thm. 6.13.

The relation m(R) is reflexive, for if there exists * € UreVar such that
(|lzi, |z]) € m(R), then z Rz € B. Then B would be a closed branch, which
is a contradiction.

The relation m(R) is transitive, for if there are 1, 9,23 € UreVar such
that {Je1, zal) € m(R), (|zal, asl) € m(R) and (1], Jzsl) & m(R), then
z1Rzy ¢ B, z2Rx3 ¢ B and 1 Rzs € B. Then, applying rule (TranR)
either 1 Rxy € B or x5 Rx3 € B, which is a contradiction.

The heredity condition holds, for if there are z;,zo € UreVar and
t € IndTerm such that (|z1|, |t|) € m(R;) (R; € RelVar), (|z1], |z2|) € m(R)
and (|$2|, |t|) ¢ m(R,-), then z, R;t ¢ B, z1Rx, ¢ B and =, R;t € B. Ap-
plying rule (H) either 1 R;t € B or 1 Rz € B, which is a contradiction.

In a similar way we show that relational variables are interpreted as
right-ideal relations.

m(R) C UreVar x UreVar, for if there is t € IndTerm \ UreVar such
that |t| € dom (m(R)) or |t| € ran (m(R)), then applying rule (RUr) we
arrive at a contradiction.
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For all R; € RelVar, dom(m(R;)) C UreVar, for if there are t €
IndTerm \ UreVar and t' € IndTerm such that (|t|,|t'|) € m(R;), then
tR;t' ¢ B. Applying rule (VarUr) we arrive at a contradiction.

Therefore the structure (2,m) belongs to SPFM and satisfies (C1)-
(C6). The remaining part of the proof is similar to the respective part of
the proof of Thm. 6.13. O

From Thm. 6.16 the corollary below immediately follows.

Corollary 6.2 Given a formula ¢ € IntFor, z € UreVar, and y €
CompVar, we have

Ernt ¢ — Fmi-rre zT1(0)y .

Proof From Thm. 6.14, for any formula ¢ € IntFor, x € UreVar, and
y € CompVar,

Fmt ¢ — FEre zT1(0)y . (6.2)

From Thms. 6.15 and 6.16, we then obtain

Eric zTr(o)y = Fime-rre =T1(p)y . (6.3)
Joining (6.2) and (6.3), we then obtain

Em = Fie-rre T (@)y .

6.10.3.1 FEzample

In order to see how the calculus works, let us consider a proof of the in-
tuitionistic tautology ———a — —a. According to Cor. 6.2, it suffices to
prove that Frn.rre 2T7(-——~a — =a)y. In order to keep an economic
notation we will not apply the mapping 77 entirely from the beginning, but
by parts according to our needs. Partial applications of mapping T will be
evidenced using a rule denoted by (77).

.’L‘T[(—!ﬂﬁa — ﬂa)y (TI)
TR; (TI(~1—ma)-T1(—|a)) Y (N3)

E:le y 21 T (——a) - Tr (—a) y \xﬁz% 29Ty (———a) - Tr{—x) y

Al A2
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In sequences A; and Ag, z1 € UreVar and 2y € CompVar.
Regarding sequence Ag, we have

Rz, 20 T1(——=a)-Tr(-a)y (RUT)

zRz3, 29T (—~——a)-Ti(-a)y, z Rz

The last sequence is fundamental, and thus the branch is closed.
Regarding sequence Aj, we have

zRz1,21 Ty (-—-a) Ti(-a)y (N-)
2Rz, 21 Ti(-——a) y, 21 Tr(ma)y (N7)
x}_le, z1 m——‘—‘_a)y, 21 Tr (—u)y (TI)
zRz1, 21 BT (ma)y, 21 T1(~a)y (N7)
tRz1, 21 R Tr(——a)y, 21 T1 (~a) y (T1)
zRz1, 21 R, Tr(~—~a)y, 21 R; Ty (@)y (N;)
zRz1, 21 R;Tr(——a)y, z1 Rt1,t1Ti{a)y zRz1, 21 R;Ti(——a)y, z1 Rta, t2 Wy

Az Ay

In sequences Az and Ay, t; € UreVar and to € CompVar.
Regarding sequence Az we have:

2Rz, 21 R;Ti(-a)y, 21 Rt1, t1 Tr(a)y (P;)
xRz, 21 Rt1, zy Rt1, t1 Ti{a)y zRzy,t1 Tr(—~—a)y, z1 Ry, t1 T ()y

As Ag

Since the fork formulas z; Rt; and z; Rt occur in As, this branch is

closed.
Regarding sequence Ag we have

zRaz, 1 Ti(-—a)y, 21 Rty, 1 T () y (T1)
zRz1,t1 R;Ti(-a)y, 21 Rt1, 1 T (@) y (N;)
zRz1,t1 Ruy,v1 Tr(—a)y, z1 Bt1, t1 Ti{a)y zRzi,t1 Rvz, va Ti(—a)y, z1 Rt1, t1 Tr{a)y

A7 AB

In sequences A7 and Ag, v; € UreVar and v € CompVar.
Regarding sequence A7 we have:
zﬁzl,tlﬁvl,vl TI(—xa)y, zlﬁtl,tlmy (Tr)
zRz1,t1Rv, v B;Ti(o)y, 21 Rta, ta Ty (e)y (N7)
zRz1,t1 Bv1, v BTy (0)y, 21 R, 1 Ty (@) y (P;)
zRz1,t, Rvi,v1 Ry, z1 Ry, t1 Ty (a)y xﬁzl,tlﬁvl,vlTI(a)y,zlﬁtl,hmy

Ag Ao
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Since the fork formula vy Rv; occurs in Ag, this branch is closed.
Regarding sequence Ajg we have (denoting by T" the term Tr(a)):

zﬁzl, i1 ﬁvl, v Ty, 21 ﬁtl, 13 Ty (H)
zRz1,t1 Rvi, ti Ry, viTy, 21 Rt1, 81Ty xRz, ti Rv, 1Ty, v1 Ty, z1 Ry, 8, Ty

A1 Az

Since the fork formulas t; Rv; and ¢;Rv; occur in Ajq, the branch is
closed. In a similar way, since the fork formulas ¢;71(a)y and t1T7(a)y
occur in A;s, this branch is also closed.

Regarding sequence Ag, we have:

zRz,t, Rug, vy Tr(~a)y, z1 Rt1, 1 Tr(a)y (RUT)
zRz1,t Rug, v Tr{—a)y, z1 Rty t Tr(a)y,t; Rug

~~
Ais

Since the fork formulas t; Rvy and ¢; Rvz occur in A3, the branch is
closed.
Finally, regarding sequence A4 we have:

zRz1, 21 R;Ti(——a)y, z1 Rto, t2Ti(a)y (RUT)
rRz, 21 R;Ti(—-—a)y, z1 Rta, taTr(c)y, 2, Rta

~
A1q

Since z; Rty and z; Rty occur in Aqq, the branch is closed.

6.11 A Relational Proof System for Minimal Intuitionistic
Logic

Minimal intuitionistic logic J was introduced by Johansson in 1936 [I.
Johansson (1936)]. It differs from intuitionistic logic in that the axiom
—a — (o — f) is deleted. In [M. Fitting (1969)], Fitting introduced a
Kripke-style semantics for the logic J. A Kripke model for J is a system
M= (W,R,Q,m) where W is a nonempty set, R is a reflexive and transi-
tive relation on W, @ C W is a R-closed subset of W (that is, if w € @ and
(w,w') € R, then w' € @), and m is a meaning function which is defined
as being for the Kripke semantics of the intuitionistic logic Int with the
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exception of the evaluation of negations:

Mw =y - iff
for all v/, if (w,w') € R, then M,w' fryaorw € Q.

Q is to be thought of as the set of those states of information which are
inconsistent. The notion of truth of a formula in a model and validity are
the same as for Int. It is known that a formula o is valid in J iff « is true
in every finite model of J with antisymmetric relation R.

Interpretability of J in fork logic FL' is established by a translation
T; of formulas of J into relational terms. It coincides with translation T
except for the translation of negated formulas:

Ts(-a) = R;(Ts(c)-Q)

where R and @ are relational constants interpreted as the accessibility
relation from models of J and the right ideal relation that is a counterpart
of the set @ from these models.

The relational proof system for J (that we will denote by J-FLC') con-
sists of all the rules of the proof system of fork logic, the specific rules for
Int and the following specific rules:

[,2Qy,A (Q1)
Iz2Qy,A,zQy T',zRz,A,zQy

[zQy,A  (Q2)
IzQz A,zQy

I (Q3)
T zQy
In rule (Q1) z € UreVar, in rule (Q2) z € IndTerm, and in rule (Q3),
z € IndTerm \ UreVar and y € IndTerm.
Rule (Q1) is admissible iff Q is R-closed, rule (Q2) is admissible iff Q is
a right-ideal relation, and rule (Q3) is admissible iff @ has only urelements
in its domain.
Notice that the abstract fork-algebraic equations

(C7) : Q=0Q;1,
(C8) : (R-Q);Q =1,
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(CQ) : Q <ul,

state that @ is an R-closed, right-ideal relation whose domain is made of
urelements.

Let L(R,Q) be a fork language with two constant symbols. Let K’ be
the class of those fork models (2, m) for the language L(R, Q) satisfying
conditions (C1)—~(C9). Then K’ induces a fork logic FI  as follows:

Epc Ty = VM eK' (M Epp zTy) .

From the admissibility of the specific rules (Q1)—(Q3) we obtain the
following theorem on the soundness of the calculus J-FLC.

Theorem 6.17 The calculus J-FLC is sound with respect to the logic
FIX e,

Fi-rrc zTy =  FEpx zTy.

Definition 6.50 A proof tree T of a sequence of formulas I is J-saturated
if in all open branches B, the following conditions are satisfied.

(1) T is Int-saturated,

(2) If zQy € B, then, for all z € UreVar, either zQy € Bor 2zRx € B
applying rule (Q1),

(3) If zQy € B, then, for all 2 € IndTerm, xQz € B applying rule
(Q2),

(4) For all z € IndTerm\ UreVar and y € IndTerm, zQy € B applying
rule (@3).

Theorem 6.18 The calculus J-Int is complete with respect to the logic
FL’C’, i.e.,

|:FL’C' a:Sy = FirLe .’I:Sy .

Proof The proof will follow the lines of the proof of Thm. 6.13, and
therefore the reader will be directed there for some parts.

Assume tSt' € ForkFor is valid in FLX but is not provable in J-FLC.
Then no proof tree exists that provides a proof for tSt’. In particular,
no J-saturated tree with root tSt’ provides a proof. Therefore, if T is a
J-saturated tree, there must exist an infinite branch B in T'.

Let = be the binary relation on IndTerm defined by

T=EY = 1’y ¢ B .

i
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The proof that = is an equivalence relation is as in Thm. 6.13.

Let 2 be the FullPFAU with set of urelements { |z| : z € UreVar } and
pairing function % defined by |z|*x|y| = |z*y|. Proving that * is well defined
and injective is done as in Thm. 6.13.

Let us define, for R’ € RelVar U {R,Q },
(Ital, [t2]) € m(R") = t1R't2 ¢ B .

That m is well-defined is proved as in Thm. 6.13.

That R is reflexive, transitive and that the heredity condition holds are
all proved as in Thm. 6.13.

Assume that (Jul,lw'l) € m(R), (wl,lol) € m(Q) and (jw'],la]) ¢
m(Q). Then, wRw' ¢ B, wQz ¢ B, and w'Qz € B. Applying rule (Q1)
we immediately arrive at a contradiction, and thus m(Q) is m(R)-closed.

Assume (|z|,|y]) € m(Q), but (|z|,|t]) € m(Q) for some t € IndTerm.
Then, zQt € B. Since the tree T is J saturated, applying rule (Q2) we
arrive at a contradiction, and thus m(Q) is right-ideal.

In a similar way we show that relational variables are interpreted as
right-ideal relations.

If there are £ € IndTerm\ UreVar and y € IndTerm such that (|z|, |y|) €
m(R), then zRy ¢ B. Applying rule (Q3), xRy € B, which is a contra-
diction.

Therefore the structure (2, m) belongs to SPFM and satisfies (C1)-
(C9).

Let v be the valuation defined by v(z) = [z, for z € IndVar. In
Thm. 6.13 it is shown by induction that V,,(t) = |¢| for all t € IndTerm.

The remaining part of the proof is as in Thm. 6.13. a

In order to be able to reason in the calculus J-FLC for proving minimal
intuitionistic properties we still need to show the interpretability of the
logic J in the logic FL*'.

Lemma 6.6 Let J = (W,R' Q,m) be a minimal intuitionistic model.
Then there ezists a fork model F = (2,m’') € SPFM constructed from
J satisfying conditions (C1)—(C9) such that for all w € W and for all
@ € IntFor

Jwkse = w € dom (m/ (T (p))) .

Proof Let 2 be the FullPFAU with set of urelements W. Define m/(R) =
R'. Let m'(Q) = {{z,y):z€Q'}, and for each R; € RelVar define
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m/'(R;) = {{z,vy) : € m(p;) }. Conditions (C1)—-(C9) hold because of how
m’ is defined.

The remaining part of the proof proceeds by induction on the structure
of the formula ¢ and follows the lines of the proof of Lemma 6.4 except
for the case of negation, where the semantics differ. For the negation we
proceed as follows:

J,wEy—a

iff (Vw' € W)(wR'w' = J,w' sjaVvw €Q)
iff (Vw' € W) ((w,w’) € m'(R) =

w' ¢ dom (m/ (T5(a))) Vw' € dom (m'(Q)))
iff (Bu' € W) ((w,w') € m'(R)A

w' € dom (m/ (Ty(a))) Aw' ¢ dom (m'(Q)))
iff (P’ € A) ((w,w') € m'(R)A

w' € dom (m/ (Ty())) Aw' ¢ dom (m'(Q)))

iff w € dom (m’(R) m’ (Ts(e)) - m’(Q)))
(m
(m

iff w € dom

(B @@ D))

iff w € dom (m/ (T;(~a))).

o

Lemma 6.7 Let F = (U, m) € SPFM, satisfying conditions (C1)—-(C9).
Then, there exists a minimal intuitionistic model J = (W, R/,@Q’',m’) con-
structed from F such that for all w € Urely and for all ¢ € IntFor

w € dom (m (T (¢))) =  JukEse.

Proof Let us define W = Urely, R’ = m(R), Q' = dom (m(Q)), and for
all p; € PropVar define m’(p;) = dom (m (R;)). Notice that by conditions
(C1)-(C9), R’ is a reflexive and transitive relation on W, the heredity
condition is satisfied by m’ and @’ is an R-closed right-ideal relation.

The remaining part of the proof proceeds by induction on the structure
of the formula ¢ and follows the lines of the proof of Lemma 6.5, except
for the case of the negation, where the semantics differ. For the negation
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we proceed as follows:
w € dom (m (Tj(-a)))
iff w € dom (m (R; (TJ(a)-@))
iff w € dom (m(R); (m (Ts()) WD
iff (Fw’ € A)((w,w’) € m(R)
Aw' € dom (m(Ts())) Aw' ¢ dom (m(Q)))
iff (Fw’' € W)(wR v Aw' € dom(m (Ts(a))) Aw' ¢ Q')
iff (Vo' e W)(wR'vw' = w' ¢ dom(m(Ts(a))) Ve €Q’)
iff (V' e W)(wR'v' = JuwEjavue eQ’)
iff J,w g a.

a

Theorem 6.19 Let ¢ € IntFor. Then, given x € UreVar and y €
IndVar,

R = Frpe cTi(¥)y .

Proof Let us prove the contrapositive. If ¥; 9, then a minimal intu-
itionistic model J = (W, R/, Q’,m) exists and w € W such that J,w ¥ .
Then, by Lemma 6.6 there exists F = (,m’) € K’ such that w ¢
dom (m’ (T (¥))). Let v be a valuation satisfying v(z) = w, then F,v ¥ g/«
xT;(¥)y, and thus #p;c 2T5(¢)y.

If ¥ ppxr T5(h)y, then there exists F = (2, m) € K’ and a valuation
v such that (v(z),v(y)) ¢ m (T;(¢)). Thus, v(z) ¢ dom (m (T;())). By
Lemma 6.7 a minimal intuitionistic model J exists such that J, v(z) ¥ v,
and thus ¥ . a

From Thms. 6.17, 6.18 and 6.19 the corollary below follows immediately.
Corollary 6.3 Given ¢ € IntFor, z € UreVar and y € CompVar,
FJs e = Fi-rre Ti(p)y -

Proof From Thm. 6.19, for any formula ¢ € IntFor

FJe =  Fpr zTi(@)y. (6.4)



132 Algebraization of Non-Classical Logics

From Thms. 6.17 and 6.18, we then obtain

Epe 2T5(p)y < FrrcaTi(e)y - (6.5)

From (6.4) and (6.5),

Esp = Firre zTi(e)y .

6.12 Relational Reasoning in Intermediate Logics

Intermediate logics are the logics whose valid formulas include all the formu-
las that are valid in intuitionistic logic but not necessarily all the tautologies
of classical logic. In that sense these logics are between intuitionistic and
classical logic. For many intermediate logics a Kripke semantics is known.
Below we give examples of conditions that the accessibility relation is sup-
posed to satisfy in Kripke models of some intermediate logics.

(I1) JzVy (z Ry)

(I12) Vz3y (z Ry AVz (yRz — y = 2))

(I3) VaVyIz (z Rz A zRy AVt (t Rz AtRy — tRz))

(I4) V2VyVz (zRyAzRz — yRzV zRy V Vt (y Rt — z Rt))
(I5) VzVyVz (x Ry Az Rz — 3t (yRt A zRt))

(I6) dzVy (y # = — zRy) AVzV2Vt (z Rz Az Rt — ~zRt)

The translation from formulas of intermediate logics into relational
terms is the same as for formulas of intuitionistic logic. There are three
methods of developing relational means of reasoning for intermediate logics
within the framework of fork logic.

6.12.1 Method 1

We define a specific rule or a fundamental sequence for every condition
on the accessibility relation in the underlying Kripke models of a given
logic. The relational proof system for the logic consists in all the rules and
fundamental sequences from the proof system of fork logic together with
those new specific rules and/or fundamental sequences. For example, the
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rule corresponding to condition (I4) is the following:

@

!
I,yRz,zRy,zRt,A (R4)
I'2Ry,®,A T,zRz,®,A T,yRt, &, A

where z is a variable.

Proposition 6.1 Rule (R4) is admissible in fork logic iff in every fork
model the relation R satisfies condition (14).

Proof =) Notice that condition (I4) is equivalent to the following:
VzVyVzVt (zRyAzRzAyRt - yRzV 2Ry V 2z Rt) .

Assume that rule (R4) is admissible and suppose that in some fork model
(9, m) condition (I4) is not satisfied. Hence, for some valuation v in this
model we have (v(z),v(y)) € m(R), (v(z),v(z)) € m(R), (v(y),v(t)) €
m(R), (v(y),v(z)) ¢ m(R), (v(2),v(y)) ¢ m(R), and (v(2),v(t)) ¢ m(R).
Consider an instance of rule (R4) with ' = z Ry, x Rz, y Rt, and with empty
A. Then, all the lower sequences of the rule are valid, so the upper sequence
must be valid as well. But in the above model none of the formulas of the
upper sequence are true under valuation v, a contradiction.
<=) It is clear that this implication also holds. O

6.12.2 Method 2

We use the following deduction theorem for fork algebras with urelements.
Theorem 6.20 Let v and v be fork algebra terms. Then,
v=1kEarmu7y =1 = Farau 1,751 + 9 =1,
Proof =) Ify=1}=arau ' =1, then, since SAFAU C AFAU,
Y=1sarauy=1.

Let 24 € SAFAU and m : RelConstURelVar — A be arbitrary. If A =y =1,
then by hypothesis 2 |= 7' = 1. Then

AE1;71 +4 =1.



134 Algebraization of Non-Classical Logics

If A ¥ v =1, then ¥ # 0. Then, since 2 is simple (and thus satisfies
formula (2.1)), % = 1;%;1 = 1. Thus,

AELFL+ v =1.
Then, =sarau 1;7;1 + v = 1. By Thm. 6.2, we then have
Farau ;771 + 7' =1.

<) Let /% € AFAU and m : RelConst U RelVar — A be arbitrary. By
hypothesis 2 = 1;7;1 + ' = 1. Notice that if A =y =1then A =7 =0,
and therefore A = 1;%;1 = 0. Thus, Farpau 1;7;1 + v = 1 implies
¥=1Faru?y =1 a

The proof of the following corollary follows the same steps as the proof
above.

Corollary 6.4 Let vy and v be fork algebra terms. Then
Y=1kxvy =ul = Fxul;71 + Pusy =0l

Let L(T') be an intuitionistic logic, where I' = {71,...,7 } is a finite
set of first-order sentences imposing conditions on the accessibility relation.

Let Kr be the class of those fork models satisfying the set of equations
{Tv,y(7) =1:7v €T} plus conditions (C1)-(C6), and let FLr be the fork
logic induced by the class of fork models Kr.

Lemma 6.8 LetJ = (W,R',m) be a model for the intuitionistic logic
L(I"). Then a fork model F = (A, m') exists for the fork logic FLr, con-
structed from 3, such that for oll w € W and for all ¢ € IntFor

JwELm) @ = w € dom (m/ (Tr(p))) .

Proof Define 2 as the FullPFAU with set of urelements W, let m/(R) =
R', and for each R; € RelVar define m'(R;) = {(z,y) : z € m(p;) }. The
equations in the set { Ty (y) =1:v €T} hold due to the way R’ and R;
were defined (cf. Ch. 5).

The remaining part of the proof proceeds by induction on the structure
of the formula ¢, and is as in Lemma 6.4. O

Lemma 6.9 Let F = (U,m) € Kr. Then there exists an intuitionistic
model J = (W, R',m") for the logic L(T') constructed from F such that for
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allw e W and for all ¢ € IntFor
w € dom (m (T7(¢))) = Jwhkrr ¢ -

Proof Let us define W = Urely, R’ = m(R), and for all p; € PropVar
define m'(p;) = dom (m (R;)). Notice that the validity of the set of equa-
tions {T v,0(Y)=1:7€Tl } in F implies the validity of the sentences I in
J. The remaining part of the proof proceeds by induction on the structure
of the formula ¢ as in Lemma 6.5. a

Theorem 6.21 Let ¢y € IntFor. Then, given x € UreVar and y €
Comp Var,

FLm) ¥ = Froe zTr($)y -

Proof Let us prove the contrapositive. If Fp,; 1, then an intuitionistic
model J = (W,R,m) for L(T') and w € W exist such that J,w ¥ 9.
Then, by Lemma 6.8 there exists a fork model F = (™, m’') € Kr such
that w ¢ dom (m’ (T7 (¥))). Let v be a valuation satisfying v(z) = w, then
F,vErr. xTi(¥)y, and thus Epr. 2T (y)y.

If #pr. 2T1(v¥)y, then a fork model F = (2, m) € Kr and a valuation
v exist such that (v(z),v(y)) ¢ m (Tr(¥)). Thus, v(z) ¢ dom (m (T1(¢))).
By Lemma 6.9 there exists an intuitionistic model 7 = (A, R’,m’) such
that J,v(z) ¥y ¥, and thus ) 9. d

Definition 6.51 We define the calculus Int-FLCrt by the condition

Frnt-FLOR tQ
< btmerrct viTy g(Mm)- ... Ty p(w)il + Py;Q 8.

Theorem 6.22 Given x € UreVar and y € CompVar,
Frr. QY A Fine-rLCr TQY -

Proof
Fint-Fror zQy
&> {by Def. 6.51}

Fime-rre € 1Ty () - - Tv,g(w);l + PuiQ y
<= {by Thms. 6.15 and 6.16}

Ercz ul;Ty o) - To,p(w)il + Tu;Q y
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{ by Def. FL*}
YMeK,MEpry z uliTy o)+ - To,o(n);l + LuiQ y

{ by Def. FL'}

FxuvliTy,g(n) - Tv,g(w)il + T'us@ =ul

{by Cor. 6.4}

{To,g(m)=1:7€eT} Ex Q@ =0yl

{by Def. }Cp}

!:’Cr Q =yl

{by Def. FIr}

FrLe 2Qy. 0

Let us assume we are working in an intermediate logic with Kripke
semantics, whose accessibility relation is constrained by a finite set of sen-
tences I'. In order to establish the validity of a formula a, it is enough to
verify that « holds in every Kripke model in which all the sentences in T’
hold.

An alternative procedure using the calculus Int-FLCr is the following:

U A

(1) Translate the set of sentencesI” to a set of relation designations.

(2) Translate formula a to a relation designation.

(3) Apply the deduction theorem (Cor. 6.4) in order to obtain a single
relation designation R.

(4) Use the proof system Int-FLCr in order to prove the formula z Ry.

Joining Thms. 6.21 and 6.22, we obtain the following corollary.

Corollary 6.5 Let ¢ € IntFor. Then, given individual variables z €
UreVar and y € CompVar,

Frrm ¢ = Fine-Frer zT1(W)y .
Proof By Thm. 6.21,
Frr ¥ =  FrnzTI(¥)y. (6.6)
By Thm. 6.22,
Frre zT1(¥)y — Fint-Fror zT1(¥)y - (6.7)
Finally, by (6.6) and (6.7),

FrLr) ¥ > Fme-rrer 2T1(¥)y .
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6.12.3 Method 3

Translate constraints from I' and the formula a to be proved, into relational
designations. Verify whether the term obtained from o is derivable from
the terms obtained from the members of I". In order to test this derivability
we apply equational means of reasoning within the theory of fork algebras
as in the first part of the chapter (see also [M. Frias et al. (1997)c]).
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Chapter 7

A Calculus for Program Construction

7.1 Introduction

The most problematic part of the process of software development is main-
tenance. Usually, even after a system is considered to be finished by the
team of developers, a long time goes by before the software is fully oper-
ational. This is due in part to the fact that most programmers tend to
make mistakes when programming. When run for the first time, their pro-
grams usually do not terminate, or return unexpected results. Even when
a program is accepted by the team of developers as a fine working program,
usually the performance needs to be improved. Improving the performance
results in code modification, and a new need for testing the program. Op-
posed to the previous idea is the notion of formal program construction.
In a formal setting, we can reason about logical or algebraic properties of
programs that are difficult or impossible to express in an informal setting.
At the heart of formal program construction is the ability to calculate pro-
grams in much the same way as a mathematician solves a set of equations or
proves a theorem constructively. As a consequence, a formally constructed
program is correct by construction with respect to its specifications, and
its derivation is a proof of its correctness.

A particular class of formalisms for program construction are those
based on formal calculi. These formalisms have a logical basis. Specifi-
cations are formulas, and a certain subset of those formulas is considered
to have an algorithmic meaning and is thus interpreted as programs from
functional, logic, or imperative programming languages. Derivation rules
resemble inference rules from logical frameworks.

139
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Fork algebras arose in computer science when looking for a calculus
for program construction based on binary relations. Programs are to be
thought of as the relation they establish between input and output data.
Functional calculi have been extensively used for program construction [J.
Backus (1978); R. Bird (1986); R. Bird et al. (1993); R. Burstall et al.
(1977); J. Jeuring (1994); L. Meertens (1987)], but their specification lan-
guage is not declarative enough. Specifications are partial recursive func-
tions (and thus programs in functional languages), that are optimized along
the derivation process. Unfortunately, finding the functional specifications
is not always easy, and a gap wider than is desirable is left between the
original problem and its specification. Relations present some advantages
over functions. Relations allow some operations, such as the converse and
complement, that are not even defined in functional frameworks. These
operations make relations more expressive than functions, and thus re-
lational frameworks allow for more declarative specifications. Relations
have been used in program construction for some time. In [R. C. Back-
house et al. (1993); R. C. Backhouse et al. (1991); R. Bird et al. (1997);
H. Doornbos et al. (1997)], relations are introduced using a categorical
approach, and used for defining a calculus for program construction. In [R.
Berghammer et al. (1997)] and the references therein, the relational calcu-
lus is used for the construction of graph algorithms. In [B. Méller (1991);
B. Méller (1993)}, a framework for program construction based on relations
(not necessarily binary ones) is presented, with applications in the deriva-
tion of graph and pointer algorithms. Other applications of binary relations
in computer science are reported in the book [C. Brink et al. (1997)].

In this chapter a calculus for program construction based on fork al-
gebras and generic algorithms is presented. The equational calculus of
fork algebras has been used in program construction for some time [G.
A. Baum et al. (1996); M. Frias et al. (1994); M. Frias et al. (1993);
M. Frias et al. (1996); M. Frias et al. (1998); M. Frias et al. (1997)a;
A. Haeberer et al. (1993)b; A. Haeberer et al. (1991)]. Here, the formalism
adopted is the first-order theory of fork algebras. First-order formulas over
relations are used in order to describe design strategies (such as case anal-
ysis, trivialization, divide-and-conquer, backtracking, etc.). Generic speci-
fications using parameters describe a class of problems rather than a single
problem. When the parameters satisfy enough properties, then it is pos-
sible to find a generic algorithm (also containing parameters) which solves
the whole class of problems. The methodology to be presented here allows
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us to derive generic algorithms following some design strategies, starting
from generic specifications. Examples will be presented on how to derive
generic algorithms from generic specifications, following the presented de-
sign strategies.

The chapter is organized as follows. In Section 7.2 the notion of filter is
introduced and the relationship among filters, sets and guarded commands
is analyzed. In Section 7.3 the relational implication is presented and some
of its useful properties for derivation of recursive programs are stated. In
Section 7.4 the usefulness of the expressiveness and representability results
with respect to the process of program construction is discussed. In Section
7.5 the methodology for program construction is described. In Section 7.6
several examples of program derivations are presented. Finally, in Section
7.8 the approach presented here is compared with previous approaches.

7.2 Filters and Sets

Filters are partial identities, i.e., relations F satisfying the condition F' < 1'.
The reason why they are called filters is because they can be used as strain-
ers, filtering the information that reaches the input of a relation. For exam-
ple, if F' is a filter and R is an arbitrary relation, F'; R restricts the input of
R to F'. There is a clear relationship between filters from algebras of binary
relations and sets. A filter F' univocally characterizes a set, namely, the set
{z:zFz}. Also, given a set S, it univocally characterizes a filter, namely,
the binary relation { (z,z) : z € S }. We will denote the filter associated to
a set S by I’s. Given a filter F', by —F we denote the term F-1’. Notice
that if F' = 1'g for some set S, then —=F = 1'g, the filter associated to the
complement of the set S. This is justified by properties 1 and 2 in Thm. 7.1.

Theorem 7.1 The following properties of filters are valid in all relation
algebras:

(1) If F is a filter, then F+—-F =1,
(2) If F is a filter, then F-=F =0,
(3) ~Dom (R) ;1 =R;1,

(4) If F is functional, then

F;=Dom (R) ;1= (Dom (F) -—~Dom(F;R));1 .



142 A Calculus for Program Construction

Proof
1.

F+-F=F+(F-1) (by Def. ~F)
=(F-I)+ (F-1) (by F filter)
= (F+F) -1 (by BA)
=11 (by BA)
=1. (by BA)

2.
F-—~F=F.-(F71) (by Def. =F)
=(F-F)-r (by BA)
=0. (by BA)

3. Let us show that
-Dom(R);1 - R;1=0, and -Dom(R);1+ R;1=1.

-Dom (R);1 - R;1
=-Dom(R);1 - Dom(R);R;1 (by Thm. 2.3.11)
= Dom(R); (-Dom(R);1 - R;1) (by Thm. 2.3.22)
= (Dom (R) ;—Dom (R) ;1)}-(Dom (R) ; R;1) (by Thm. 2.3.17)
= (Dom (R) -—~Dom (R)) ;1 - Dom (R);R;1 (by Thm. 2.3.7)

=0;1 - Dom(R);R;1 (by Thm. 7.1.2)

=0 - Dom(R);R;1 (by Thm. 2.3.1)

—0. (by BA)

-Dom(R);1 + R;1 (7.1)
=-Dom(R);1 + Dom(R);1 (by Thm. 2.3.14)

= (-~Dom (R) + Dom (R)) ;1 (by Ax. 2)

=1;1 (by Thm. 7.1.1)

=1 (by Ax. 5)
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4.
F;=Dom(R);1=F;R;1 (by 3)
= Dom (F) ;F;R;1 (by Thm. 2.3.19)
= Dom (F) ;=Dom (F;R) ;1 (by 3)
= (Dom (F) -—=Dom (F;R)) ;1. (by Thm. 2.3.7)
O

Filters are used in program construction to model guards in if-then-
else-like constructs, or guards from case-like constructs. Let us consider
the following example.

Function IsZero(n : Nat) : Boolean
Begin
If n=0Then
+ true
Else
— false
End If
End.

This function can be represented relationally by the following equation:

IsZero =1¢;Cirue + I's0;Cralse

(1) Do is the filter {(0,0) },

(2) 1"y ¢ is the filter {(z,z): 2 >0},

(3) Cirue is the constant relation { (z, true) :z € U},
(4) Craise is the constant relation { (z, false) 1z € U }.

7.3 The Relational Implication

In this section two operations on binary relations called right residual and
relational implication respectively are defined. As we will see in Section 7.8,
the relational implication is closely related to the specification of problems
in fork algebras. We define the right residual of relations R and S (denoted
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Fig. 7.1 The relational implication.

by R\S) in terms of the relational operators previously defined, by
R\S=R;S. (7.2)

The set theoretical definition of the right residual is given by the fol-
lowing formula

R\S = {(z,y) : Vz(zRzx = zSy)} .

The abstract definition of the relational implication of relations R and
S, is given by the equality

R— S=R:3, (7.3)

while its set theoretical definition (see Fig. 7.1 for a graphical interpretation)
is given by

R— S={(z,y):Vz(zRz = yS=z)}.

Figure 7.1 shows that a pair (z,y) is related via R — S whenever the
range of z through R (the smallest circle) is contained in the range of y
through S (the medium-sized circle). From (7.2) and (7.3) it is immediate
that the relational implication is definable in terms of the right residual.
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More explicitly, the following is true in every relation algebra:
R— S=R\S.
Since the relation algebraic characterization of the relational implication
is non algorithmic (complement does not have nice properties when applied
over a composition), some properties are presented next that will be very

useful in the derivation of algorithms from relational specifications.
Besides some simple properties, such as

(P+Q)—R=(P—R)-(Q— R) (7.4)
and

P—(Q@R)=(P—-Q) (P—R), (7.5)
(which follow directly from the definition), some more elaborated properties
that lead to recursive relational expressions for computing the relational
implication are presented.
Lemma 7.1 For any relations P and Q,

—Dom (P); (P — Q) =-Dom (P);1.

Proof The inequality < is trivial, due to the fact that P — @ < 1. For
the inequality > we have

=Dom (P); (P — Q) (7.6)
= —Dom (P) ;P;a (by (7.3))
= —Dom (P) ; Dom (P) ; P;() (by Thm. 2.3.11)
> -Dom (P) ;Dom (P) ;1 (by monotonicity and BA)
= —~Dom (P) ;=Dom (P) ;1 (by Thm. 7.1.3)
= -Dom (P) ;1. (by Thm. 2.3.7)

O
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Lemma 7.2 For any relations P, Q and R,

Dom (P+Q); (P+Q) — R)
= (Dom (P) -Dom (Q));((P — R)-(Q — R))
+ (Dom (P) -~Dom (Q)); (P — R)
+ (=Dom (P) -Dom (Q));(Q — R) .

Proof By Thm. 2.3.12,

Dom (P+Q) ; (P+Q) — R)
= Dom (P); (P+Q) - R)
+ Dom (Q); (P+Q) — R) . (7.7)

Let us now concentrate on the term

Dom (P); ((P+Q)— R) .

Dom (P); ((P+Q) — R)
= {by(74)}
Dom (P); (P — R)-(Q — R))
= {by Thm. 7.1.1}
Dom () ; (P —» R)- ((Dom (Q) +~Dom (Q)) ;(Q — B)))
= {by Ax. 2 and BA}
Dom (P) ; (P — R)- (Dom(Q) ;(Q — R)))
+ Dom (P); (P — R)- (~Dom (Q);(Q — R)))
= {by Thm. 2.3.22 and Lemma 7.1}
Dom (P) ;Dom (Q) ; (P — R)-(Q — R))
+ Dom (P) ;=Dom (Q) ;(P — R)
= {by Thm. 2.3.7}
(Dom (P) -Dom (Q)); (P — R)-(Q — R))
+ (Dom (P) -~Dom (Q));{P — R).

Thus,
Dom (P) ; (P — R)-(Q — R))

= (Dom (P) - Dom (Q)); (P — R)-(Q — R))
+ (Dom (P) -—Dom (Q));(P — R) . (7.8)
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Reasoning along the same lines allows us to prove that

Dom (Q); (P+Q) — R)
= (Dom (P) -Dom (Q)); (P — R)-(Q — R))
+ (=Dom (P) -Dom (Q));(Q — R) . (7.9)

The lemma finally follows from (7.7), (7.8} and (7.9). O
Lemma 7.3 If A is a functional relation, then

Dom (A); (A — P)=A;P .

Proof
Dom (A); (A — P) = Dom (4) ;A; P (by (7.3))
— AP (by Thm. 2.3.19)
=A;P (by BA)
O

Lemma 7.4 If B is a functional relation, then

Dom(B);(B;P — Q)=B;(P—Q) .

Proof
Dom(B); (B;P — Q)= Dom(B);B;P;Q (by (7.3))
— BP0 (by Thm. 2.3.19)
=B;(P-Q). (by (7.3))
O

Lemma 7.5 Let A and B be functional relations. Let
P=A+B;P and T=P->Q.
Moreover, let us assume that

Dom (P) = Dom (A) + Dom(B) and Dom(A)-Dom(B)=0.



148 A Calculus for Program Construction
Then,
Dom (P);T = A;Q + B;T .
Proof The lemma follows from Lemmas. 7.2, 7.3 and 7.4. O

In a similar way to Lemma 7.5, we obtain a proof for Lemma 7.6 below.

Lemma 7.6 Let A, B and C be functional relations. Let
P=A+B,P+C;P and T=P->Q.

Moreover, let us suppose that Dom (A), Dom (B) and Dom (C) are
pairwise disjoint. Then,

Dom (P);T = A;Q + B;T + C;T .

From Lemmas 7.5 and 7.6 we see that the recursiveness of the relation
P allows us to obtain a recursive specification for the relation T'.

Lemma 7.7 For every relation R,

P;(P-oR<R.

Proof
b,(P-R<E < (B;(P->R)E=0 (BA)
s (P;R)- (P—R)=0 (by Ax. 7)
= P;E . P;E: 0 (by (7.3))
< 0=0. (BA)
0

Lemma 7.8 Let R be an antisymmetric relation (i.e., RER<Y ), then,
the relation P- (P — R) is functional for all relation P.

Proof Inorder toshow that P- (P — R) is functional, we will prove that

(P-(P—>R);(P-(P->R)<7T.
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P — R))"; (P- (P — R))

= ( (P> R));(P- (P> R)) (by Thm. 2.3.5)
< ( (P (P — )) (P = R)*; (P-(P— R))) (by Thm. 2.3.16)
< (15 ;i (P—R) ) ((P - R)";P) (by monotonicity)
= (# ,(P—»R)-(]-!’;(P—>R)>” (by Ax. 6)
<R f% (by Lemma 7.7)
=R-R (by BA and Ax. 4)
<v

(by Hyp.)
]

7.4 Representability and Expressiveness in Program Con-
struction

As a consequence of Thm. 4.3, the first-order theories of AFA and PFA are
the same, and thus a natural semantics can be attributed to first-order for-
mulas over abstract relations in terms of binary relations. This is a very
important property in a calculus for program construction. The equiva-
lence between the first-order theories of PFA and AFA guarantees that any
first-order property valid for proper fork algebras can be proved syntacti-
cally from the axioms describing abstract fork algebras. This has a direct
application in program construction. Let us consider an intermediate step
in a derivation of an algorithm from a relational specification Sy. The
derivation has a shape

SO’SI,"-aSIﬁ

where for all 7, 1 < i <k, S; is obtained from Sy,...,S;_; by means of the
derivation rules. If Sy is still not the algorithm we are looking for, then
further steps must be performed. If resorting to thinking about binary re-
lations shows that a valid first-order property allows Si to evolve to a new
expression E (which is closer to the intended algorithm), then the repre-
sentation theorem guarantees that a syntactic proof Sk, Sk41,..., E exists,
allowing us to reach the formula E from Sy. This shows that the heuristics
arising from considering concrete binary relations can be employed through-
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out the process of program derivation using the rules and axioms of the cal-
culus for abstract fork algebras. Another important property stems from
the fact that only a finite number of axioms are necessary for describing the
class of abstract fork algebras. Thus, the syntactic proofs mentioned above
can be more easily performed with the assistance of a computer system.

Regarding the expressiveness of fork algebras, it was proved in Ch. 4.2
that first-order theories can be interpreted as equational theories in fork
algebras. Theorem 5.6 shows that a wide class of problems (at least those
that can be described in first-order logic) can be specified in the equational
calculus of fork algebras. Moreover, the abstract relational specification
can be obtained algorithmically from the first-order specification by using
the mapping Ty ..

7.5 A Methodology for Program Construction

In this section the outlines of a methodology for program construction based
on fork algebras using generic algorithms (program schemes) are presented.
As will be shown in the next section, there is a useful relationship between
the structure or form of a generic relational specification and a generic
algorithm (a set of parameterized ‘algorithmic’ equations) to compute this
specification.

The starting point of the methodology is a formal specification of the
problem to be solved. In this case, first-order logic with equality will be
used as the specification language, because it is a simple formal language
that is taught in most computer science courses. Along the description
of the methodology, an example will be outlined that will be thoroughly
discussed in Section 7.6. For the examples, the notion of generator will
be required. Intuitively, generators retrieve the components (members) of
elements from structured types. Examples of generators that will be used in
Section 7.6 include retrieving the elements of a list, retrieving the elements
of a tree, retrieving all the sublists of a list, etc.

Description of the example problem:

Let S(B) be a structured type, and let G C S(8) x § be
a generator. Select those generated elements that satisfy

(1) a condition ¢;, and
(2) a condition ¢y with respect to all the generated ele-
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ments that satisfy the condition c;.

In the previous description S could be a type functor [R. Bird et al.
(1997)]. The sample problem P can be specified by the first-order formula:

P(z,y) <
Gz, y) Aei(y) A Vz(G(z,2) Aew(z) = ea(z,y)) . (7.10)

Notice how close formula (7.10) is to the natural language description
of problem P, thus giving a totally declarative specification.

Once a first-order specification of a problem is given, a relational spec-
ification must be obtained. In order to obtain this specification, we can
proceed in one of the following two ways. Applying Thm. 5.6, from a first-
order specification ¢ and using the mapping T'v , we will obtain a relational
term Ty »(y) that captures the meaning of problem P. Unfortunately, the
term resulting from applying the mapping T’y . is not always very adequate
with respect to the process of program derivation. The second method (the
one to be used here), consists of reducing the first-order formula ¢ into an
equation e, using the set-theoretical definition of the relational operators.
Notice that, given a formula, there are many ways in which this reduction
can be done. For the example it is possible to proceed as follows.

Define P’, C}, Cy and G’ as new binary relations. Intuitively, the binary
relation P’ will stand for the predicate P in the sense that

zP'y = P(z,y),
C; will stand for the unary predicate ¢; in the sense that
zChz = ci(z),
C; will stand for ¢, in the sense that
zCsy = ca(z,y),
and G’ stands for G in the sense described by the formula
zG'y — G(z,y) .

Notice that C is a filter, and this will in general be the method used
for representing unary predicates.
From the previous definitions, it is easy to check that

PI=G,;Cl N (GI;Cl g 02) .
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Once a generic relational specification is obtained (generic in the sense
that no assumption is made about the relations C} or C3), we will choose
a design strategy that will guide the process of deriving an algorithm from
this specification. In programming in general, examples of design strategies
include case analysis, trivialization, divide-and-conquer, backtracking, and
many more [A. V. Aho et al. (1983); R. Bird et al. (1997); H. Partsch
(1990); D. Smith (1985); D. Smith (1987)]. In the methodology presented
here, the first-order language of fork algebras will be used to express such
design strategies (recall that from Thm. 4.3 and the discussion following
it, formulas from the first-order theory of fork algebras have a standard
semantics in terms of concrete binary relations). A trivial example of a
design strategy is case analysis (C_4). A problem is said to be solved using
this strategy if the domain of the problem can be partitioned, let us say, in
k parts Dy,. .., Dg, and we find k algorithms Ay, ..., A; such that A; solves
the given problem when its domain is restricted to the part D;. This can
be more simply and formally stated by the following formula over relations:

C_A(R,R,,...,Ry) &

A\ Dom(R:)-Dom (R;)=0 A R=Zk:Ri. (7.11)

1<i<j<k i=1
Formula (7.11) is to be read as follows:

‘Problem R is solved by case-analysis using problems
Rq,..., Ry’

Notice that (7.11) provides the means to solve problem R, that is, given an
input a for R there is to find R; such that a € Dom (R;) and then compute
Ri (a)

The strategy of trivialization (Triv) is a particular instance of case anal-
ysis where one of the subproblems is assumed to be easy to solve. Easy
subproblems are, for example, those whose solution does not depend on the
original problem (non-recursive parts), or for which a solution is at hand.
We then have

Triv(R,Ro,Ry,...,R;) <>
C_A(R,Rg, Ry,...,Rx) AN Easy(Rp). (7.12)
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The relations Ro, R, ..., Ry are usually determined by properties of the
problem domain. In general, domains allow for ‘natural’ partitions (empty
and nonempty lists, trees of height 1 or greater, etc.). In [H. Partsch
(1990), pp. 201202}, these partitions are obtained by introducing tautolo-
gies. Hence, the following heuristic can be used in order to determine
relations Ry, Ry, ..., R.

Heuristic 7.1 Let D be a domain (type) characterized by the partial
identity 1’p. Assume there are identities 1'g,1’1,...,1 % such that 1'p =
19+131+ - +71%. In order to find the problem (relation) R;, 1 <i <k,
define R; = 1’;; R, provided Fasy(1'o;R) holds.

Formula (7.12) is to be read as follows:

‘Problem R is solved by trivialization using relations
Ry, Ry,..., Ry with easy Ry’.

Formula (7.12) provides a means to solve problem R, namely, using case-
analysis in the case of inputs outside the domain of Ry, and the simple prob-
lem Ry otherwise. The difference between trivialization and case-analysis
is that in the latter we may need to derive solutions for all subproblems,
while in the former, problem R; presents a definite improvement in the
derivation process.

The strategy of recomposition (Recomp) is defined by the formula

Recomp(R, Split,Qq,...,Qk, Join) <
R=8plit;(Q1 ® -+ - ® Qk);Join, (7.13)

where the relations Split and Join stand for programs so that the first
one effectively decomposes the data, and the latter combines the results of
Q1,...,Q in order to provide a solution for R.

By joining the strategies of recomposition (cf. (7.13)) and trivialization,
we obtain the following formalization of divide-and-conquer:

D&C(R, Ry, Split,Q1,...,Qk, Join) <>
3Q (Triv(R, Ry, Q) A Recomp(Q, Split,Q1,...,Qk, Join)),

where the variable R may appear inside some of the terms Q;, ..., Qk, but
does not affect the term Rg.

Generally, relations Q1, ..., Qx will be either 1’ or the relation R itself.
This is supported for example by Smith [D. Smith (1985)] in his schema of
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divide-and-conquer algorithms. How to find the parameters for the D& C
strategy is then explained by the following heuristic.

Heuristic 7.2 Among the relations Q1,...,Qk, those that will take the
value R are obtained by folding of the definition of R. After no more
foldings are possible, the remaining relations are to be set to 1’. If we are
heading correctly towards a divide-and-conquer algorithm, at this point we
should be dealing with a term that looks approximately like

Sy, Ry
®

®
Si; R J;
So; ® iJo,
Tis1
®

&®
Tk

where R does not occur in any of T;4¢1,...,Tk. The last step is rewriting
T (i < m < k) as Sy ;Jim, with S, the ‘Split’ part and J,,, the ‘Join’ part.
Finally, let Split := Sp; (S1® --- ®Sk) and Join := (J;® - -+ ®Jx) ; Jo.

There are many interesting problems in computer science for which
efficient solutions are achieved using divide-and-conquer — for example,
searching, sorting, matrix multiplication, Fourier’s transform, etc. There
are also many problems whose solution is closely related to the strategy of
divide-and-conquer but that cannot be put into the schema. Let us consider
the following problem Subtree as an example:

Given a tree t and a node n, Subtree retrieves the sub-
tree of t whose root is the node n.

If we blindly apply the schema of divide-and-conquer, making two re-
cursive calls for treating the left and right subtrees, one of these calls will
always be undefined — namely, that call that treats the subtree that does
not contain the node n. Thus, before making the recursive call it must be
decided what the parts of the original datum for which recursively calling
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Subtree will yield an output are. In this particular example, it suffices
to check which subtree of ¢t contains the node n. These kind of problems
suggest the definition of a generalized version of the strategy of divide-and-
conquer. The strategy is defined as follows:

GenD&C (R, Ry, Dy, Splity, Ay, Joiny, . .., Dy, Splity, Ak, Joing) <=
/\ Di<V A Triv(R,Ro,Dy;R,...,Di;R) A

1<i<k
/\ 3Qiy, -, Qi (Ai = Qi ® -+ BQy; A
1<i<k
Recomp(Dy; R, Split;, Qiy, . .., Qiy,, Joing)) . (7.14)

Notice that when k equals 1, GenD& C becomes D& C. Once the iden-
tities D; (1 < i < k) are identified, heuristic 7.2 can be applied to find
the remaining parameters. In order to find the identities D;, we use the
following heuristic.

Heuristic 7.3  Assume the specification contains some subexpression with
shape (G;R; — Rjy) for relations G, R; and Rs. Notice that this is a rea-
sonable assumption because relational implications naturally appear from
first-order specifications containing universal quantifiers. Assume also that
G = f1;Gy +---+ fr;Gr, where f; is a functional relation for all 1,
1 €4 < k (G could be for instance a generator). Let us see the case
for k = 2. Then, we reason as follows:

G;R; — Ry
— {byDet. G}

(f1:G1 + f23G2);Ri — Ry
= {by Ax. 2 and (74)}

(f1;G1;R1 — Rp)- (f2;G2;R1 — Ry)
= {by Lemmas 7.1 and 7.4}

(f1;(G1;R1 — Ry) + —Dom(f1);1)

(f2; (G2;R1 — R2) + —Dom (fs);1).

Distributing + over -, we obtain the terms:

(1) f1;(G1;R1 — Rj) - f2;(Ga;R1 — Ry),
(2) f1;,(G1;R1 — Ry) - ~Dom(fa2);1,

(3) = Dom (f1);1 - f2;(G2;R; — R2), and
(4) ~Dom (f1);1 - =Dom (f2) ;1.
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The domains of these relations are contained, respectively, in the filters

Dom (f1) -Dom (f2), Dom(f1) -—~Dom(fs),
=Dom (f1) -Dom (f2), —Dom (f1) -~Dom (fz).

Among these domains (which, notice, are all disjoint), the nonempty ones
become the identities D;.

Each strategy comes with an associated explanation about how to con-
struct a program solving the original problem. It is easy to see how
the previously given strategies induce the structure of the programs. For
example, it is clear from the definition of case analysis that whenever
C_A(R, Ry, R;) holds, we can infer that R = R+ R;, thus giving a pro-
gram (equation) of the desired shape solving the problem R. In the same
way, when D& C(R, Ry, Split,Q1,...,Qx, Join) holds, we have a program
with shape

R=Ry + Split;(Q1 ® -+ @ Qk); Join

solving R. Also, when (7.14) holds, we have a program with shape

k
R=Ro + Y Dy;Split;; (Qi,® - ®Qy;,) 3 Join,. (7.15)

=1

The filters D; in (7.15) play the role of guards in case-like constructs.
Notice that strategies are in general formulas of the form

Strat(R, X1,...,Xn) <<=  Strat_Definition(R, X,...,X,), (7.16)

where Strat is a (n + 1)-ary predicate symbol (name and parameters of
the strategy), and Strat_Definition is a formula on the relational variables
R, X,,...,X,, involving previously defined strategies. Deriving a generic
algorithm GA for solving a generic problem GP whose generic relational
specification is GS(P, ..., P;) using a strategy defined as in (7.16), consists
of finding relational terms T1(Pi, ..., P),..., Ta(P1, ..., P) such that

Theory(D7),...,Theory(Dp),GS(Py,..., P) bara
Strat_Definition(GP,T1(Py,..., P),..., Tn(P1,..., P)). (7.17)

In (7.17), Theory(Dy),...,Theory(D,,) are relational specifications of
the domains of the problem [R. Berghammer (1991); R. Berghammer et
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al. (1993)c; R. Berghammer et al. (1993)b], and the symbol Fapa denotes
first-order logic entailment under the theory of AFA.

Notice that the algorithms characterized by the strategies are as a
matter of fact fork algebraic equations. Thus, in order to find terms
Tv(Pi,.. ., Pr)y. o, Tu(Py,. .., Py) we will resort to equational reasonings
using the axioms of fork algebras, plus those equations describing the do-
mains Dy,...,Dy,. The general strategy we will use for deriving recursive
algorithms will be Unfolding/Folding [J. Darlington (1975)].

The terms T1(Py,...,Px), ..., Tn(P1,. .., P) required in (7.17), and
found as described in the previous paragraph, are either algorithms if they
are built with algorithmic combinators, or can be considered as relational
specifications of simpler problems.

In Section 7.6 we will show that for the sample problem, if we define

Dr1 = Dom(Ry) -Dom(F1;P'},
Dgp-1 = Dom(R;)-~Dom (Fy;P’), and
D—-R,l := =Dom (Rl) -Dom (Fl ;P') ,

we can deduce
[P'=G";Cy - (G561 — )
A G =1y;Ro + Vs Ry + Vs F1; &
A Cy-Cy <1 A Easy(1's;P')]
= GenD&C(P',1y;P',Dr1,R1VF1,I’QP', Joiny,
Dr-1,R,1',C,-Cy, Dog, Fi, P\, 1), (7.18)

where R; and F; are functional relations, 1’; and 1’ are filters that pro-
duce a partition of the domain 1’s(g), and

Join, == ((Cl'Cz ® d2) + (Cl;cv'2 ® 1’)) ;é .

According to the strategy GenD&C, we obtain the algorithm

Ry 1
P = 1P 4+ Dpy; Vo, @ ;Joing
P P

+ Dg-1;R;(C1-C2) + D-opa;Fi;P .
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In our formalism a strategy associates to each generic specification
GS(Py,..., P:) a generic algorithm GA(T,...,T,). If we instantiate the
parameters Pi,..., P occurring in specification GS with relation desig-
nations Ri,..., Ry, and derive algorithms A;,..., A, (using this same
methodology) for terms T3(Ri,...,Rg),..., Tn(R1,...,Rx), we obtain a
particular algorithm, namely A := GA(A;,..., A,;) now for the less generic
problem S := GS(Ry, ..., R;). Let us see how this is reflected in the prob-
lem chosen as an example. If in the sample problem we take*

(1) B:= Nat and S(B) := List(Nat),

(2) G =1Vp;Hd + Vp>1;Hd + 1V TG (e, Ro = Hd, Ry =
Hd and F, = T1),

(3) C;:=1, and

(4) Cs := =, the standard ordering between natural numbers,

then P’ specifies the problem of finding the minimum element in a list.
Notice that Join;, under this instantiation, specifies the problem of finding
the minimum between two natural numbers. Since it is not in an algorithmic
form, this same methodology can be applied to derive an algorithm for this
problem. Once this is done, (7.18) can be optimized to obtain a divide-
and-conquer algorithm for finding the minimum element of a list.

In Fig. 7.2 we give a graphical description of the methodology we pro-
pose.

7.6 Examples

In this section we will present several generic problems for which we will
proceed as follows.

(1) We will specify the problems in first-order logic, in a totally declar-
ative manner.

(2) We will specify the problems with fork-algebraic equations obtained
from the first-order specifications.

*We will denote by Hd and Tl the functions that, given a list [e : I], retrieve the element
e and the list I, respectively. By Cons we denote the function that, given an element e
and a list [, produces as output the list [e : I]. By 1';x we denote the filter over lists
of length k, and by 1' ;& the filter over lists of length greater than k. By < we will
denote the standard ordering between natural and integer numbers.
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GS(P,,..., P) —2UL | GATUP,..., P, TPy, P))
derive A;
P;:=R;
<i<k to compute
lsis Ty(Ry, ..., Ry)
S ~ A= GA(Ar,..., An)

computes

Fig. 7.2 Methodology for program construction.

(3) We will derive generic algorithms for these generic problems using
the presented design strategies.

(4) We will solve some specific problems by using the generic algo-
rithms.

The derivations we will present may seem too long and detailed, but
they are essential in order to show that smooth syntactical derivations
of algorithms are possible by using the methodology we propose. Also,
these derivations are themselves constructive proofs of correctness of generic
programs with respect to generic specifications. In this sense, the amount of
effort invested in making (or understanding) complex derivations is largely
compensated for by their usefulness in designing concrete programs.

7.6.1 First Example
The first example will be the problem used in the previous section as an
example. The problem was informally specified by the sentence:

Let S(3) be a structured type, and let G C S(f3) x 3 be
a generator. Select those generated elements that satisfy

(1) a condition ¢;, and
(2) a condition ¢y with respect to all the generated ele-
ments that satisfy the condition ¢;.

Problem P can be specified by the first-order formula:

P(z,y) <+
Gz, y) Aer(y) N Vz(Gz,z) Aey(z) = eaz,y) - (7.19)
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Recalling the set-theoretical definition of the relational operators, we
can transform (7.19) into the following abstract relational specification:

P=@G;C; - (G;C, — Cy),

where our only assumption about C; and Cj is that C, is a filter.

It is at this point when the form of the generator becomes important.
Let us assume that 1’s(3) = 1's+1" -4, where 1, represents the ‘base’ part
of the type S(f). Suitable forms for generators are, for instance:

G1=Vp;Ry + Vs Ry + Vs Fy 3Gy, (7.20)
Gy =14;Ro + Up; Ry + Vs F1;Go + 1 F3;Go. (7.21)

In (7.20) and (7.21) we assume that Ry and R; are fixed relations with
R; functional, and that F; C S(8) x S(B) and F, C S(B) x S(B) are
functions that decompose data. Since G5 is more general than G (take Fy
to be Fi in (7.21)), we will work with Gg, and therefore the specification
becomes

P=G2;Cl . (G2;Cl — Cg) . (722)

In order to simplify the presentation of the derivation, we will make the
following assumptions:

Assy : Dom (Fy) = Dom (Fy),
Assg : Dom(R,) < Dom (Fy).

Notice that in the derivation below, these assumptions can be easily dropped
and the changes will be minor, resulting only in longer formulas but no
technical complications.

We will derive a generalized divide-and-conquer solution for the prob-
lem. Thus, we must find relations Ry, Dy, Split1, Ai, Joiny, ..., Dk, Split,
A and Join, such that the formula

A\ Di<1 A Triv(R,Ro,Di;R,...,Di;R) A
1<i<k

/\ E‘Qila“-’Qi,’i(Ai =Q'il®'“ ®Qiji A

1<i<k
Recomp(D;; R, Split;, Qs,, . . -, Qi;,, Join;))

holds.



Ezamples 161

Since 1's(g) = 1'p+1"—p, we will begin with a Trivialization step using
Heuristic 7.1. If Easy(1’y;P) holds, we must concentrate on the relation
1’ _p; P. Thus, we will now derive an expression for the relation 1’_3; P of
the form required in (7.14).

1 ;P
— {by (7.22)}
I'p; (G2;C1 - (G2;C1 — (7))
= { Unfolding the definition of the generator G5 }
(R1 + F1;G2 + F3;Gs) ;Cy
- (R1 + F15G2 + F5;Gy);C1 — Cy)
= { Applying Ax. 2 several times }
(R1;C1 + F1;G2;Cy + F3;Gy;Cy)
- ((R1;C1 + F1;G2;C1 + Fp;G4;C1) — Cy)
~ {by (74))
(R1;C1 + F1;G2;Cy + Fy;G2;Ch)
“(R1;C1 — Co) - (F1;G2;C; — Cy) - (F2;G2;C; — Cy)
= { Distributing + over - }
(B1;C1) - (R1;C1 — Cy) - (F1;G2;,C1 — C3) - (F2;Go;C1 — Cy)
+ (F1;G2;C1) - (B1;C1 — Cy) - (F1;,G2;C1 — C3) - (F;Gq;C1 — Cy)
+ (F2;G2;C1) - (R1;C1 — Ca) - (F1;G2;C1 — Cy) - (F2;G4;C1 — Ca).

In order to shorten notation we will denote the term G5;C; — Cj by
X. Let us consider the term

(R1;C1) - (B1;C1 — C3) - (F1;G2;C1 — C3) - (F2;G2;C1 — Cy) . (7.23)

(B1;C1) - (R1;C, = C2) - (F1;G2;C — Cy) - (F2;Go;C1 — Cy)
= {by Lemmas 7.3 and 7.4 using Ass; and Ass; }
(R1;C1) - (R1;C1;Co) - (F1;X) - (Fo3 X)
= {by Thm. 2.3.17}
(R1;(C1 - C1;C2))- (F1;X) - (F2;X)
= {by Thm. 2.3.22}
(Rl;(cl'cz))' (Fl;X) ’ (Fz;X)
< {because by (7.22) G3;C; > P, and monotonicity }
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(R1;(C1-Ca))- (Fu; (P — C3)) - (Fp; (P — (7))

= {if C; is antisymmetric, and Lemmas 7.1, 7.3, 7.8 }
(B13(C1-Ca))-(Fi;(P;Cl + ~Dom (P);1))

(Fy;(P;Cy + ~Dom (P) ;1))

= {by Ax. 2 and BA}
(R1;(C1-Ca))-(F1;P;Ca) - (Fa; P;Ch)
+ (R1;(C1-C2))-(F1;P;Cs) - (F2;—~Dom (P) ;1)
+ (R15(Cy-Ca))-(Fy;=Dom (P) ;1) (Fa; P; Ca)
+ (R1;(C1-C2))-(F1;—Dom (P) ;1)-(Fa;mDom (P) ;1).

Let us consider now the term

(F1;G2;C1) - (R1;C1 — C2)
(F1;G2;C1 — Ca) - (F3;G2;C, — Cy) . (7.24)

(F1;G2;C1) - (R1;C1 — C2) - (F1;G2;C1 — C3) - (F2;G2;C1 — Cy)
= { by Lemmas 7.3 and 7.4 using Ass; and Ass; }
(F1;G2;C1)-(Ry;Cy;Cy + —~Dom (Ry;C1) ;1) (Fy: X) -(Fa; X)
= {by BA and Thm. 2.3.17}
(F1;((G2;C1)- X)) (R1;C1;C2 + ~Dom (Ry;C1) 51)-(Fa; X)
= {folding P }
(F1;P)-(R;;C1;Cy + =Dom (Ry;C1) ;1) (Fp; X)
< { because by (7.22) G3;Cy > P, and monotonicity }
(F1;P)-(Ry;Cy;Cy + ~Dom (Ry;C1) ;1) (Fa; (P — Cy))
= {if C; is antisymmetric, and Lemmas 7.1, 7.3, 7.8}
(F1;P)-(R1;C1;C, + —Dom (R1;C1) ;1) (Fy;(P;Cy + ~Dom (P) ;1))
(R1;C1;Ca)- (F1; P)- (Fy; P;Ch)
+ (Rl;CI;CV’2)'(F1;P)'(F2;_‘D0m (P);1)
+ (=Dom (Ry;Cy) ;1)-(Fy; P)-(Fa; P;Cy)
+ (=Dom (R;;C1) ;1)-(F1; P)-(Fa;—~Dom (P) ;1)
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Finally, if we consider the term

(F2;G2;Ch) - (Ry;C, — C2)
< (F1;G2;Cy — Cy) - (F3;G2;CL — Ca),  (7.25)

a derivation along the lines of the previous one proves that:

(F2;G2;C1) - (Ry;C1 — Cy) - (F1;G2;,C1 — Cs) - (F2;G2;Cp — Co)
< (Rl;Cl;Cv'z)'u(FuP;Cv‘z)'(Fz;P)
+ (Ry;Cy;C2)-(Fy;—Dom (P) i/l)'(Fz;P)
+ (mDom (Ry;C1) ;1)-(F1;P;Cy)- (F2; P)
+ (=Dom (Ry;C1) ;1)-(F1;—Dom (P) ;1)-(F3; P).

Joining the derivations performed from terms (7.23), (7.24) and (7.25),
we obtain:

V4P < (Ri5(Ci-Ca))- (Fus PiCy)- (Fos PiCh)
+ (R1;(C1-Ca))- (F1;P;Ca)- (F2;mDom (P) ;1)
+ (R1;(C1:C2))-(Fi;mDom (P) ;1) (Fy; P;Ch)
+ (R1;(C1-C))-(Fi;mDom (P) ;1)-(Fy;~Dom (P) ;1)
+ (R1;C1;00)- (F1; P) - (Fy; P Co)
+ (R1;C1;Ca)-(F1; P)- (Fy;—~Dom (P) ;1)
+ (=Dom (Ry;C1) ;1) (F1; P) - (Fa; P;Ca)
+ (mDom (R1;C1) ;1) (F1; P)-(F2;mDom (P) ;1)
+ (Ry;C1;Ca) - (F1; P Co) - (F; P)
+ (Rl;Cl;Cz)-(Fl;“'!Dom(P) Ll)(Fg,P)
+ (=Dom (R1;C1) ;1) (F1; P;C2)- (F2; P)
+ (mDom (R1;C1) ;1) (F1;-Dom (P) ;1)-(Fa; P).

Let us define the filters

Dpi2 := Dom (R,) - Dom (Fy; P) - Dom (Fy; P),
Dri-2 = Dom(Ry)-Dom(Fy;P)-—~Dom (Fy;P),
Dg-12 :=Dom(Ry)-—~Dom (Fy;P)-Dom (Fz;P),
Dg-1,~2 :=Dom(Ry)-—~Dom (Fy;P)-—Dom (F;P),
D_pi2 :=-Dom(Ry;C:) -Dom(Fy;P)-Dom(Fs;P),
D_gi,-2 ~Dom (Ry;Cy) -Dom (Fy; P) -—~Dom (F3; P),
D_gp-12 :=-Dom(Ry;Ci)-—~Dom (Fy;P)-Dom (Fy;P).
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Since by Thm. 7.1.4 F;;~Dom (P) ;1 = (Dom (F;) -~Dom (F;; P)) ;1
(¢ =1,2), using the previously defined filters and Thm. 2.3.22,
;P < Dgapg; (Rl; (C1-Ca) - F1;P;Cs - F2;P;52)

+ DRr,1,2; (R1;C1:C, - FiP - Fp PiCy

+ Dg12; (R1;C1;Ce - Fy;P;Cy - Fy; P

+ Dpr,1,-2; { B1; (C1-Ca) - Fl;P;éz)

+ DR1,-2; (R1;C1;Cy - Fl;P)

+ Dpg,-1,25 (B1; (C1-C2) - Fz;P;CVB)

+ Dp 1,25 (Ry;C1;Cs - Fz;P)

+ DRg,-1,-~2;Ri1; (C1-C2)

+ Doz (Fi;P - Fp; PiCo

+ D-pa2; (F1;P;Cy - Fy;P

+ D-p1,-2;F1;P + D-p-12;F2;P.

Applying Thm. 3.2.1 several times,

Ry1; (C1-Ca)
v
;P < Fi;P;C, ;2
(ne)?
F2;P;C,
Ry1;C1;C R1;01;C,

v v

+ Fy;P 2+ F1;P;C
v 2 v 8
Fp;P;C2 Fa; P

Ri;(C1-C2) \ Ri;01;C2 1\
+ DRg,1,-2; v i2 + DRr,1,-25 v ;2

F;P;C, F;P

R1;(C1-C2) \ R1;C1;C2 1\
+ Dp,-1,2; \Y ;2 + DR -1,2; \Y 2

Fp;P;Cy Fy;P
Fy;P F1;P;Ca
+ D_p,2; v ;2 + D-p,1,2; v 2
F;PiCy ;P
+ Dp,-1,-2;R1; (C1-C2) + D-opj1,-2;F1;P + D-p-1,2;F2;P . (7.26)

®
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Applying Thm. 3.2.9 and Ax. 2 in (7.26),

;P <
Ry r Cy-Co CI,CV2 C1;Cs
v ® @ ® Py
R ; P ; Ca + Cs o I I
v ® ® ® 2
Fy P ég r
R, 7 Ci1-Cz Cl,d2 .
+ Dri,~2; V ;5 V ® ® ;2
F P 2 1
R v C1-C C1;C2 \
+ Dp,~12; V 3 V5 ® ® ;2
Fy P 62 T
R P v Cs
+ Dopi2; V 3 V| @® ® |;2
KR P Ca r
+ DR, -1,-2;R1;(C1-C2) + D-pr,1,-2iF1;P + D-g,-1,2;F2;P. (7.27)
Let us define
Splity, = R4V (F1VF2) , Ay = '@ (P@P) s
Splity := RV Fy, Ay, = T'®P,
Spl’l:tg = Rl VF2, A3 = 1’®P,
Splity = FVE,, Ay = PP,
Spthg, = Rla A5 = 1,,
Splitﬁ = Fl, Ae = P,
Split; = Iy, A, = P
Let us also define . .
C1-C C1;C C1;Ca
® ® ® r 5
JO’I:’I’Ll = C2 + 1’ + 02 ) ® a2,
® ® ® 2
Cy s Iy
C1-Co C1;Ca
Joing = Joing := ® + ® 2,
u2 1,
r C,
Joing = ® + 2
Cs r
Join5 = Cl-Cg,

Joing = Joiny:=1.
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It is easy to check that if Cy is antisymmetric, Join; (1 < i < 7) as
defined are functional relations. Thus, the term on the right hand side of
(7.27) stands for a functional relation. From Lemma 7.8 and Thm. 2.3.18,

1'.p;P =
Ry v C1-C C1;Ca C1;Cs
\Y% ® ® ® ® r
F ; P ; Cy + r + Cvz H ‘? ;2
v ® ® ® ® 2
11 P Ca Cy by
R, C1-Co C1;C,
+ Dri,-2; V ; V ® + ® ;2
Fy P Cy T
R, 1 C1-Cp Cl;dz
+ Dg-12; V 5 V5 ® + © ;2
Fy P 2 r
F P r Ca
+ Dopjy,2; V ; V ® + ® ;2
Fy P Ca r

+ Dpg,-1,-2;R1;(C1-C2) + D-g1,-2;F1;P + Dop,-1,2;F2;P.

We then finally have

P=Gy3;C; - (G2;C1 — C3) A Cy-C3 <71 A Easy(1'y; P)
= GETLD&C(P, l’b;P, DR‘1,2, Splitl, Al, Joinl, ey
D_R 1,2, Splity, Az, Joing) . (7.28)

If we use G, instead of G5, and define

DR,l = Dom(Rl)-Dom(Fl;P), Splitl = R1VF1,
Dp-1 = Dom(R;) -—~Dom(Fy;P), Splity = R,

D_.gr1 := =-Dom(Ry)-Dom(Fy;P), Splits := I,

Ay = TP, Join, = ((Cl‘C2®CV'2)+(Cl;éz®1,));é,
A2 = 1’, JO’iTLQ = 01'02,

As = P, Joing = T,

we can prove, under the assumption that C5 is antisymmetric, that

P=Gy;C; - (G1;C1 — Co) A C3-C2 <1 A Easy(l's;P)
= GenD&C(P,1y; P, D 1, Splity, Ay, Joiny,
DR,.,l, Split2, Ag, JOi'I’LQ, DﬁR,l, Spl'itg, A3, JO’L"I'L;;) . (729)



Ezamples 167

7.6.1.1 Finding the Minimum Element in a List
Let the relation Has C List(Nat) x Nat be defined by the condition

Has = Hd + Ti;Has .

Has is a generator of type G;. Let us consider the problem of finding
the minimum element in a list. The problem can be specified in first-order
logic by the formula

IMinx <= [Hasz A Vy(lHasy = z=y) . (7.30)

The abstract relational specification, obtained from (7.30), is given by
the equation

Min = Has - (Has — X) .

Since the relation =< is antisymmetric and Easy (1’1 ;Min) holds (the
minimum of a list with just one element is that element), taking Cy := 1’
and Cy := < in (7.29) we have

GenD&C(Min, 1 1;Hd, Dom (Hd) - Dom (Tl; Min) , HdV TI,
1 ® Min, Joiny, Dom (Hd) -~Dom (Tl; Min) , Hd, 1",
1 Nat, mDom (Hd) - Dom (Tl; Min) , Tl, Min,1'), (7.31)

where Join; is defined by the condition
Joing = ((1’-j ® g) + (1’;3 ® 1’)) ;é .

Since = is reflexive, 1’- < = 1’ yq:. Notice also that < = >=. We then

have
Joiny = ('®*) + (=®1));3,

which is a specification of the problem min_num that finds the minimum

between two numbers.
Since Dom (Hd) =V 0 and Dom (Tl; Min) = 1’ »1, it is clear that

Dom (Hd) -=Dom (Tl; Min) = 1" a1,
and

—Dom (Hd) - Dom (Tl; Min) =0 .
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Recalling formulas (7.14) and (7.28), the part of the algorithm given by
(Dom (Hd) -—=Dom (Tl;Min)) ; Hd;1 ;1 Nat

is subsumed by the base case of the algorithm. Also, since the part of the
algorithm given by the term

(=Dom (Hd) - Dom (Tl; Min)) ; T1; Min; 1’
equals 0 (because ~Dom (Hd) - Dom ( Tl; Min) = 0), (7.31) is equivalent to
GenD&C(Min,1 11;Hd,~1, HIV T, 1’ @ Min, Joing) . (7.32)

Therefore, from (7.32) and (7.14) the following algorithm (in fork alge-
braic form) is immediately at hand:

Hd 1
Min=Vp;Hd + Vp-1; V ; @ ;minnnum. (7.33)
Tl  Min

The algorithm presented in (7.33) corresponds to the following recursive
function:

Function Min(l : List(Nat)) : Nat

Begin
If Length(l) =1 Then
— Hd(l)
Else
— min_num (Hd (1) , Min (TL(1)))
End If
End.

7.6.1.2 Finding the Minimum Common Ancestor

In {G. A. Baum et al. (1996)] we presented as an example the derivation
of an algorithm for finding the minimum common ancestor of a pair of
nodes in a binary tree (See Fig. 7.3). The problem is informally specified
as follows:

Given a binary tree t and two nodes x and y, find that
node a in ¢ that is the closest ancestor of z and y.
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MCA(t,d,e) = ./
é/ \\%

Fig. 7.3 Some computations of the relation MCA for a tree t.

= MCA(t,a,d) = MCA(t,a,c)

= MCA(t,c,e)
C =
[ ]

MCA(t,c,c)

Let us use a relation HA C (Tree(a) x a) x a (HA abbreviating has
ancestor), which is meant to produce, given a tree { and a node z, the
ancestors of z in ¢. A formal specification of a relation MCA capturing the
problem in the language of the elementary theory of fork relations is given
by

tx(zxy)MCAa <= txrHAa A txyHAa A
Vz{((txxHAz A txyHA2) = txaHAz),

and a specification of HA is given by the formula':
txxHAa <= 3t' (¢3¢ A t'roota A t'inz) .

In [G. A. Baum et al. (1996)] we gave the following abstract relational
specification for the relation HA:

-
HA= ® ; n T
11

By 3 we denote the relation that relates a tree with its subtrees, by root the relation
that relates a tree with its root node, and by in the relation that relates a tree with its
elements. By 1’1« we denote the filter over tree of height k, by 1'p. x the filter over
tree whose height is greater than k, and by 1’7« we denote the filter over the set of all
trees.
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and defined a relation CA C (Tree(a) X (a x a)) x a (characterizing the
common ancestors of a pair of nodes in a tree) by

CA = (Y ®n) ;HA) - (I'®p) ; HA) .

In [G. A. Baum et al. (1996), p. 188] we derived the following recursive
version of the relation CA:

'r1 root
CA= ® ; ® ;2
v 2
Upst in in
+ ® ;|Dom| ® ;2| -Dom| ® ;2 ;7 o0t
v T P
Up-1  right
+ ® ; ® ;CA
T r
1’T>-1 left
+ ® ; ® ;CA.
1, 1,

From the previously defined relations, we presented the following ab-
stract relational specification of the relation MCA:

MCA=((rVCA)-(CA — HA));p.
If we consider the relation MCA® defined by
MCA® = (nV CA) - (CA — HA),

we cannot apply the generic algorithm derived in Section 7.6.1 because the
specification does not have the right pattern (compare with (7.22)).

In order to find an adequate specification for MCA®, we define relations
HA' and CA’ with types

HA' C (Tree(a) x a) x (Tree(a) x a)
and

CA' C (Tree(a) x (Tree(a) x (a x a))) x (Tree(a) x o)
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as follows:
HA' = 7wV HA,
and
17T‘ 17
® ®
CA' = 17 ; root
® ® i3
r 2
1 1
® ®
+ U'psya H n m .
® Dom ® ;2] -Dom ® 2 ;7 root
r T p
Ry
s 1
® ®
+ Upsa ; Tight ;CA'
® ®
1 1
S —
Fy
1 T 1
® ®
+ Upr1 H left ;CA” .
® ®
1 1
N — —
Fa

Notice that the relation CA’ differs from the relation CA in that it has
an extra input (of type T'ree(a)) which is preserved and returned untouched

as output.
It is easy to see that if we define MCA’ using HA" and CA’ by

MCA' = CA' . (CA' — HA'),
then MCA® = (V1) ; MCA’, and thus,
MCA = (x V1) ; MCA';p. (7.34)

Since CA4' is a generator of type G and Ass; and Asss hold, we are in
the right position to use the generic algorithm derived in Section 7.6.1 in
order to find an algorithm computing the relation MCA’. Before applying



172 A Calculus for Program Construction

the schema, notice that
Ve
® )

Dom (MCA") =
(Dom (in®@7) ; 2) - Dom ((in®p) ; 2)

i.e., MCA' is defined in an input (t1, (t2, (z,y))) whenever = and y are nodes

of ta. As an elementary property of trees,
Dom (Fy;MCA') - Dom (Fo; MCA') =0,
i.e., nodes cannot appear both in the left and right subtrees. Also, notice

that
—~Dom (Ry) - Dom (F1; MCA') = ~Dom (Ry) - Dom (Fy; MCA') = 0,

i.e., if a node is not in a tree, then it is neither in the left nor in the right
subtrees. Thus, from the previous reasoning, the following formula holds:

G’enD&C(MCA', l’base ;MCAI, DR,L_Q, Rl VFl, T ®MCAI, Joinl,
DR,ﬁl,g, R1 VFQ, r ®MCA/, JO’I:TLz, DR,-,l,ﬂ2, Rl, 1’, 1’), (735)

where
g
® r
T! ®
1 base; MCA' = ® ; root ,
r ® ; 2
® 2
17
and

Joiny = Joiny = ((HA~®1) + (L @ HA™)) ;2 .
Notice that by Thm. 3.2.17, Join; and Joins can be rewritten as

Dom ((V®HA');2) ;p + Dom ((HA'®7T) ;%) ;7.
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We now have

Ry r Ry r
Dpi-2; V 5 ® ;Joiny + Dr-2; V ; ©® ;Joing
F MCA' Fy McA’
= {by Thm.3.2.0}
T Ry 1 r R r
Dpi,~2; V ; ® ; ©® ;Joinyi + Drp-12; V ; ® ; ® ;Joing
Fy 1T MCA' Fy T MCA'

= {by Join; = Joiny and Ax. 2}

T 1 Ry .
Dpa,-2; V 4+ Dp-12; V |5 ® 5 ® ;Joing.
F Fy 1’ MCA’

From formula (7.34), the following program computes the relation MCA.

Function MCA(t : Tree(a); z,y: ) : a
Var

auz : Tree(a),

o: a.
Begin

(auz,0) := MCA'(t,t,z,y),

—o

End.

A program to compute the relation MCA’ is obtained from formula
(7.35) and the derivation above.

Function MCA'(ty,t : Tree(a); =,y : a) : Tree(a) x o
Var
e: a,
t', t" : Tree(a).
Begin
If Heigth(t2) =1 Then
If x =y = root(t) Then
— (t;,z)
Else
If z, y occur in left(ts) or x, y occur in right(ty) Then
If z, y occur in left(tz) Then
t' = left(ta)
Else
t' := right(ty)
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End If
r := 100t(ts),
(t",e) := MCA'(t1,t', z,y),
If t;{ =t and r is an ancestor of e in ¢’ Then
— (t" e)
If t; = t” and e is an ancestor of 7 in £; Then
— <t1, T)
Else
— {t1, Toot(ta))
End If
End If
End.

Notice that in order to apply the strategy and obtain an algorithm it
was necessary to perform an embedding when defining relations HA" and
CA’. This embedding was motivated by the methodology, and thus the
following heuristic arises.

Heuristic 7.4 In order to obtain a generator and a specification of the
right form, it may be necessary to perform some embeddings.

The algorithm can be further optimized, but, as it stands now, it allows
us to find a solution for computing the relation MCA. The experience we
gained from comparing the previous derivation with the one given in [G. A.
Baum et al. (1996)], is that once the generic algorithm is available, then
finding the correct embedding takes only a short amount of time and an
algorithm is easily obtained. In the derivation given in [G. A. Baum et
al. (1996)], we carried out all the derivation of the generic algorithm, plus
details that did not help at all in deriving that algorithm. Also, from a
methodological point of view, the approach followed here seems much more
appropriate.

7.6.2 Second Example
For this example we will need the following definition.

Definition 7.1 A list [ is said to be a contiguous sublist of a list I’ if
there exist lists I; and ly such that I/ = 1; & [ & I3, where & denotes list
concatenation.
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Let us now consider the following generic problem.

Given a list [, find the contiguous sublists I’ of | satisfy-
ing (@) a condition c;, and (b) I’ is f-maximal with respect
to all the contiguous sublists of ! that satisfy the condition
¢ (f : List(Int) — Int, functional).

If we assume that we already have a specification for the generator of
contiguous sublists GCS, then the problem is specified by the following
formula in the elementary theory of fork relations:

P! «—
LGCSU Aey(I') AV (1GCSY Aey(l") = FA)=F(")) . (7.36)

From the first-order specification given in (7.36), we immediately obtain
the following abstract relational specification:

)

P = GCS;0; - (GCS;C1 o f;t;f) (7.37)

The generator of contiguous sublists GCS is specified by the following
abstract relational equation

GCS =11 + 1>1;8TA + Vp-1; 11, GCS, (7.38)

where the relation STA is specified by the recursive equation

Hd Hd
STA=Vpp + Ups1; V ;Cons + 1'p>1; v ;Cons . (7.39)
CNil Tl,STA

Intuitively, relation STA generates the contiguous sublists that STArt
in the head of the list, and thus, the process of generating all the contiguous
sublists can be divided between generating the contiguous sublists starting
in the head, and generating the contiguous sublists located in the tail of
the list.

Since for lists of length zero or one the problem is easy, in order to derive
a divide-and-conquer algorithm for this problem it suffices to find relations
Split, Q1, Q2 and Join such that

Recomp (1’ ~1; P, Split, Qo, @1, Join)
holds.



176

A Calculus for Program Construction

yps1;P

{ Unfolding the specification of P given in (7.37) }
Upsa; (GCS;Cl -(GCS;C’1 — f;t;f))

{ Unfolding the definition of GCS (cf. (7.38)) }
(p»1;8TA 4+ V' »1; T, GCS) ;C

(@ r138TA + P 1s1; T GES) i1 — fixif)
{By Ax. 2}

(Vp=1;8TA;C1 + V' p»1; TI; GCS;Ch)
-((I’LH;STA;CH + Vp>1;TL,GCS;01) — f;t;f)
{By (7.4) and elementary Boolean algebra }
Up»1;STACy - (STACL — fim3f) - (THGCS;01 — £3x5f)

W

+ P13 TGOS0 - (STA;C — fix3f)

o

(115605561 — f£i253f)

Thus,

1y

»1;P =
((Vp»1;8TA;Cy)
- (STA;Cr — fix=3f) - (TH,GC85C1 - fi=3f))
+ ((Vp»1; T1; GCS;Cy)
S (8TA;C1 — fi=3f) - (TULGCS;61 — fi=3f)) . (7.40)

Let us consider now the relation MAXSTA defined by the equation

MAXSTA = STAC: - (STA;C1 — fix; f”) . (7.41)

In order to continue with the derivation we make the following assump-

tions:

AS.S'I

A832

Assg :
Assy :

Asss :

Assg

11 11;C =T,

:Dom (f) =1 p-,

Cons;Cy = (1’ ®C)) ;Cs; Cons, for some Cy < 17,

(Ve ®1) ;Cons; f = (g®f) ; Add, with g C Int x Int functional,

1, 1, 1’

® ;Cq = Dom ® iCa ] ; ®
STA;C, MAXSTA STA;C,
: Cwit; f = Co, (the empty list has f-value 0).
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In Section 7.7 a complete derivation of the following divide-and-conquer
algorithm for MAXSTA is presented.

Hd 1
MAXSTA=111 + Vps1; V ® sJoinpaxsTa, (7.42)
TI MAXSTA

where the relation Joinpssxs74 is defined by the following conditions
Dy := Dom (f;=<;1),
Dy := Dom (f;>;10),

and

Joinpaxsta =
r r Iy
Cs; ® + ® ;Cons + ~Cy; @ ;Cons.
( D1 ;Cha D, ) Cra

Once we have a divide-and-conquer algorithm for computing the relation
MAXSTA, we can continue with the derivation of a divide-and-conquer
algorithm solving the original problem P.

Recalling (7.40), let us concentrate first on the relation E defined by

E = (1p>1;58TA;Cy)
. (STA;C1 — f;t?f) . (Tl;GCS;Cl N f;t;f) )

E =011, MAXSTA - (T;,GCS;C1 — f3=;:f) (by (7.41))
= V113 MAXSTA - T0; (GCS;C1 — fi=3f)  (by Lemma 7.4)
=1p»1;MAXSTA - Tl;GCS;Cl;(f;:;f)“ (by (7.3))
=1 p-1;MAXSTA - TI;GCS;Cy;f; % f (by Ax. 6)

=11»1;MAXSTA - TI;GCS;Cy; ;= f
(by Thms. 2.3.19, 2.3.21 and > = <)

=11»1;MAXSTA - TI;GCS;Cy;f; = f. (by T =)
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Then,

E=1.1;MAXSTA - TI;GCS;Cy;f;+:f . (7.43)

Since, by definition, the relation P produces as output those contiguous
subsequences satisfying C) that are also f-maximal,

GCS;Cy;f5= =P fi=,
and thus,
E=17-1;MAXSTA - Tl;P;f;>;f . (7.44)

Notice that P returns f-maximal sequences, and therefore, even though
there may be several f-maximal subsequences for a given sequence, their
f-value must be the same. Thus, the relation P;f is functional. This can
be proved syntactically by showing that (P;f)”; (P;f) < 1’, and is left as
an exercise.

Resuming the derivation for the relation E, we have

E=71p-1;MAXSTA - TI;P;f;>:f (by (7.44))
=1 ,-1;MAXSTA - TI;P;f:=:f (by Thms. 2.3.19 and 2.3.21)
=1 ,-1;MAXSTA - TU;P;f;<:f (by = = <)
=11 ;(MAXSTA - TL;P;f5 < f) (by Thm. 2.3.22)

MAXSTA
=Tpr1; v .2 (by Thm. 3.2.1)
TP f; < f
MAXSTA r
=1pr1; \Y ; ® :2 (by Thm. 3.2.9)
Ti; P £i2:f
MAXSTA f
=111, v ;Dom ® ;2 jm. (by Thm. 3.2.19)
T; P i

Let us concentrate now on the relation F' defined by

F:=1p-1;T;GCS;Ch
- (sT460 = £im3f) - (TBecsian - fimif)
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A derivation similar to the one used for relation E in order to arrive to
(7.43) shows that

F=1V.e1;TI:P - STA;C1; ;> f . (7.45)

Since by definition the relation MAXSTA produces f-maximal subse-
quences that start in the head of the list given as input,

STA;Cy; f;> = MAXSTA; f;> . (7.46)

Thus,
F=1pw1;TLP - STA;CL; fim: f (by (7.45))
=Vp-1;TLP - MAXSTA; f;>; f. (by (7.46))

We then deduce that

F=1p-1;TI;P - MAXSTA;f;>;f . (7.47)

A similar proof to the one showing that the relation P;f is functional,
shows that MAXSTA; f is also functional. Then,

F=1p-1;Tl;P - MAXSTA;f;>;f (by (7.47))
=1pr1; TP - MAXSTA;f;%;f  (by Thms. 2.3.19 and 2.3.21)
=V ps1: TP - MAXSTA; f;<:f (by = = <)
=1 p>1;(TI;P - MAXSTA; f;<; f) (by Thm. 2.3.22)

MAXSTA; f;=;f
=Vpr1; v ;2 (by Thm. 3.2.1)
T, P
MAXSTA fi=f
=1ps1; \Y : ® .2 (by Thm. 3.2.9)
T, P r
MAXSTA [iZ
=1r>1; \Y ;Dom ® ;%|;p. (by Thm. 3.2.19)
TL; P f

We have now arrived to the first algorithmic expression for computing
the relation P. Since 1’p1;P =111 and by (7.40) we have

I'p-1;P=FE+F,
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then P equals

MAXSTA f
pr 4+ VUpsrg v ;Dom ® ;é VT
Ti; P =

MAXSTA fi=
+ Py A% ;Dom ® ;2 0.
TI; P I

Let us define the filters D3 and D, by:
D3 :=Dom ((f ® f;=);2), Ds:=Dom((f;= ® f);2) .
Applying Ax. 2, we arrive at the equation

MAXSTA
P = T + Tp>1; Vv i (Da;m + Dg;p) . (7.48)
I, P

Even though (7.48) is algorithmic, the algorithm can be improved. Let
us define the relation MAXF by the equation

MAXF =1p-1;(MAXSTAV TL;P) .

Unfolding the definitions for relations MAXSTA and P given in (7.42)
and (7.48), and applying elementary properties of fork algebras,

Hd r
VvV ® ;JoinpaxsTa
MAXF = 17L>1 N Tl MAXSTA
\Y
Tl;l’Ll

Ty
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Hd 1
v ® sJoinpaxsta
TI MAXSTA
+ 1’L>1 y V
MAXSTA
T, V. 5 (Ds;m + Dasp)
T, P
T

Let us analyze terms T} and T5, one at a time. For term T}, the subterm
Tl;1 ;1 equals 1’ 2; T1. This implies that the input for the whole term must
be restricted to lists of length two. Thus,

Hd 1
Vv ® ;JoinpmaxsTa
Ti=Tp;| T MAXSTA . (7.49)
v
Tl

We then proceed as follows:

Hd 1
VvV ® ;JoinyaxsTa
Ty=Tg;| T MAXSTA (by (7.49))
v
Ti
Hd r
Vv ® ;JoinyaxsTa
T MAXSTA
=1;z; \Y (by Thm. 3.2.2)
Hd
( % ) 3P
Ti
17
Hd ® ;JoinpaxsTa
— TV V ;| MAXSTA . (by Thm. 3.2.4)
Ti v

P
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Since the lists that will reach the input of the relation MAXSTA are all
of length one, and 1'1; MAXSTA = 1’ 11, we then conclude

T, =1V2; (HIVTI); (JOinMAXSTAVp) .

Regarding term T3, a derivation similar to the one performed from T
allows us to prove that

17
Hd r ® ;Joinpaxsta
To>1;1-2; V ® ; T . (7.50)
Tl MAXF v

p; (D3;m + Dy;p)

Notice that even though we do not arrive at an equality, the term on
the right hand side of (7.50) has the same domain as term T3, and therefore
it is a refinement. Thus, the equation

MAXF =1 2;(HdV Ti) ; (Joinmaxsta V p)

1’
Hd 1 ® ;JoinpaxsTa
crpn Vi e | n an
T MAXF v

p; (Da;m + Dg;p)

is a divide-and-conquer algorithm computing a refinement of the relation
MAXF. Equation (7.51) can be slightly optimized, by using properties of
lists and Ax. 2, to the equation

Hd 1 JoinpaxsTa
MAXF =1;y2; V ® \%

Tl l’Ll p
1,
7 r ® ;Joinpaxsta
+ ® ; ® 7r . (7.52)
-1 MAXF v

p; (D3;m + Dg;p)
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Finally, the problem P is solved using the auxiliary algorithm MAXF
as indicated by the following equation:

P=1’L1 + 1’L>1;MAXF;(D3;7T+ D4;p) . (753)
Eq. (7.52) corresponds to the following program.

Function MAXF(l : List(Int)) : List(Int) x List(Int)
Var h : Int, t, 01, 03, 11, l2 : List(Int),
Begin
h = Hd(l), t .= TI(I),
If Length(t) =1 Then
If Cy(h,t) Then
If f(t) <0 Then o; := [h]
Else 0, :=1
End If
Else
ol := [h]
End If
— <01, t)
Else
(l1,12) := MAXF(t),
If Cy(h,l;) Then
If f(ll) < 0 Then 01 = [h]
Else 01 := [h: 1]
End If
Else
o1 = [h]
End If
If f(l1) = f(l) Then oy := 14
Else 02 = lz
End If
« (01,02),
End If
End.

In the remaining part of this section we will derive algorithms for solving
two problems whose specifications are instances of the generic problem P.
The problems that we will use as examples are related to problems already
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studied in the literature. The first problem consists of finding the sublist
with maximum sum. In [D. Smith (1987)] a divide-and-conquer algorithm
for solving this problem is derived. The second problem consists of finding
the longest plateau. An algorithm solving a weakened version of this prob-
lem — the input list is assumed to be sorted — is derived in [D. Gries (1981)]
using the predicate transformer wp (weakest precondition).

7.6.2.1 Finding the Contiguous Sublists of Mazimum Sum

The problem of finding a contiguous sublist of maximum sum was treated as
a case study in [D. Smith (1987)]. There, a divide-and-conquer algorithm is
derived for solving this specific problem. The problem is informally specified
as follows.

Given a list [ having integer numbers as elements, find
a contiguous sublist of [ with maximum sum.

This problem has a clear specification in the elementary theory of fork
relations given by the formula:

IMAXSUMI <=
LGCSU AV (1GCST" = Sum(l') = Sum(l")), (7.54)

where Sum C List(Int) x Int computes the sum of the elements of the
list given as input. A relational specification for MAXSUM is given by the
following equation:

MAXSUM = GCS - (GCS — Sum;>;Sum”) .

If we take Cy := 1’, then (7.54) has the same shape as (7.37). Let us
check that assumptions Ass;—Assg hold.

Since C; =1, I'11;C, = 1’11, and thus Ass; holds.

Since Dom (Sum) = 1’f«, Asss also holds.

If we define Cs := 17,

Iy r
Cons;Cy = Cons;l’ = Cons = ® ;1";Cons= @ ;Cq;Cons,
r C

and Asss holds.
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Since
Vrne Vrnt
® ;Cons;Sum= & ;Add,
ik Sum

defining g := 1’ y,,; we are done with Assg4.
Regarding Asss, notice that

r 1 1
® ;C= ©® ;;I'= @ .
STA;Cy STA;T STA

Notice also that since Dom (MAXSTA) =1 p»1,

r Iy 1
Dom ® iCy | = Dom ® = ® .
MAXSTA MAXSTA U=

Then,
1 1 1 1 1
Dom ® iCa | ; ® = ® ;5 ® = & ,
MAXSTA STA;Cq Tpsr STA STA
and Asss holds.
Finally, since Cpj;; Sum = Cg, Assg holds.

If we now instantiate the relational algorithms given in (7.52) and (7.53),
we have

MAXSUM =V 1 + Vp>1; MAXF; (D37 + Dy;p), (7.55)

where

Sum Sum; <
D3 = Dom ® 2 and D4 = Dom ® ;2).

Sum; =< Sum
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The relation MAXF is defined by

Hd r JOinMAXSTA
MAXF =1Vpx2; V ® ; \vj +
Tl 1’L1 p
17
v r ® ;JoinpmaxsTa
® ® T , (7.56)
Ui»1  MAXF v
p; (D3;m + Dy;p)
where
Joinpaxsta =

T r
® + ® ; Cons.
Dom (Sum;<;1’0) ;Cnu Dom (Sum; > ;1)

Equations (7.55) and (7.56) correspond to the algorithms below.

Function MAXSUM(! : List(Int)) : List(Int)
Var
l1, I : List(Int)
Begin
If Length(l) =1 Then
—1
Else
<l1, l2> = MAXF(l)
If Sum(ly) > Sum(lz) Then
— 1
Else
— g
End If
End If
End.
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Function MAXF(l : List(Int)) : List(Int) x List(Int)
Var h : Int, ¢, 01, 02, l1, I3 : List(Int)
Begin
h = Hd(l), t :== TI(I)
If Length(t) =1 Then
If Sum(t) <0 Then o; := [h]
Else 01 :=1
End If
- <01?t>
Else
(l1,12) == MAXF(t)
If Sum(l,) <0 Then o, := [h]
Else 0y := [h: 4]
End If
If Sum(ll) > S’U,m(lg) Then 09 = l1
Else 0, := I,
End If
« {01,02)
End If
End.

7.6.2.2 Finding the Longest Plateau

The problem we will solve in this section is a strengthened version of a
problem used as example in [D. Gries (1981)]. Therein, given a sorted list,
it is given to find the longest plateau, i.e., the longest contiguous sublist
of the input list whose elements are all the same. Here we will drop the
assumption of the input list being sorted, and will derive an algorithm for
finding the longest plateau in an arbitrary list of integers. The problem is
informally specified by the following sentence.

Given a list [, find the longest plateau p in [.

A formal specification is given by the following formula in the elementary
theory of fork relations:

ILPLATEAUp <= [GCSp A Plateau(p)
A Vp' (1GCSp’ A Plateau(p’) = Length(p) = Length(p')), (7.57)
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where the unary predicate Plateau is defined by the formula
Plateau(p) = VoVy (pHasz ApHasy = z=1y) .

A relational specification of the problem LPLATEAU (obtained from
(7.57)) is given by the equation

LPLATEAU = (GCS; Plateau)
- (GCS; Plateau — Length; > ;Length”), (7.58)

where the relation Plateau is defined by the recursive equation

Hd r r
Plateau =1y <1 + V'p=1; V ® :Dom| ® ;21 :Cons.
Tl  Plateau Hd

Notice that (7.58) has the same shape as (7.37). Let us check that
assumptions Ass;—Assg hold.

Ass; is trivially true. Since Length is total on the set of lists, Asss also
holds. Let us define

Co = (I'®1 o) + Dom ((I'® Hd);2) .

Then,
Cons;Cy
= Cons; Plateau
Hd T v
=Cons; { V<1 + Vp-1; V ® ;Dom ® ;2| ;Cons
Tl Plateau Hd
Hd ik I
= Cons;V <1 + Cons;V'y»1; V ; ® ; Dom ® ;2| ;Cons
: Ti Plateau Hd
v 1 Hd r 1
= ® ;Cons + ® ;Cons; V ; ® ;Dom ® ;2] ;Cons
Tro Ty» Tl  Plateau Hd
17 17 17 1)
= ® ;Cons + ® ® ;Dom ® :3] ;Cons
Plateau;1' o I';»1  Plateau Hd

r r r
= ® ;Cons + ® ;Dom ® ;2 ; Cons
Plateau;1' 10 Plateau
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ik r ro
® ; ® + Dom ® ;2 ; Cons
Plateau 1o Hd

17
® ;Co; Cons.
Plateau

I

Thus, Assz also holds.
Regarding Assy, notice that

17Int 1’Int;cl
® ;Cons;Length = ® s Add,
r Length

and defining g := 1’ 1¢; C;, Assy holds.

In a similar way assumptions Asss and Assg are proved.

If we now instantiate the relational algorithms given in (7.52) and (7.53),
we obtain

LPLATEAU =11 + Ve ; MAXF (Das® + Dysp), (7.59)
where
Length Length; <
D3 = Dom ® ;2 and Dy = Dom ® .2
Length; < Length

The relation MAXF is defined by

Hd r JoinpaxsTa
MAXF = 1 px2; A\VAR R ; \v4 +
Tl 1’L1 pP
17
T T ® ; JOinMAXSTA
® ;5 & 7r ’
V=1 MAXF \Y

p; (D3;m + Dy;p)
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where
Joinpaxsta =
I I
Ca; & + ® ; Cons
Dom (Length; < ;1) ;Cnu Dom (Length; = ;10)
1’
+ =-C3; ® ;Cons.
Cra

Notice that Dom (Length; <;19) =
1 ;0. Then,

1’ 1,
Joinpaxsta = Ca; ® + ®
1o U p»o
17
=Cy; ® ;Cons + —Cy;
1,L§0

10 and Dom (Length; =;1)

1

;Cons + —Cy; ® ;Cons
Cra

r

® ;Cons.

Cwit

Since Cy = (I’®1’10) +Dom ((I’® Hd) ; 8), simple equational reason-

ing allows to deduce that

~Cy = (I'®1' 10) ;~Dom (U @ Hd) ; 8) .

Then,
17
® ;JoinyaxsTa =
T
I T Iy r
® ;| Dom ® ;2| +-Dom ® ;2]; ® ; Cons .
171 Hd Hd Chi
T
Notice also that
1, 17
® Joinpaxsta= © ;T.
Prso Ppso

(7.60)

(7.61)
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Thus,
T, 2 MAXF
= {by (7.60) and (7.61) }
- 1, T
Hd Iy T r r ® ;T
Vil @V + & ; ® ; 4
T | Ty p Uiy1  MAXF v

= {by Thm. 3.2.9 and Ax. 2}
r

p;(D3;m + Dasp) /] |

)

—

Hd I bk r T ® T
Vil ® 5V + ® ; ® 7f P ®
Tl P P Ppra MAXF \Y% iy
p; (Ds;m + Dy;p) / |
We then have
Hd 1 1
MAXF =1;+2; V ; ® ;V +
TI l’Ll P
1’
ik 1 ® T
® ® ; T ; ® . (7.62)
11 MAXF v 1

p; (Ds;m + Da;p)
Equations (7.59) and (7.62) correspond to the algorithms below.

Function LPLATEAU(I : List(Int)) : List(Int)

Var
li, I3 : List(Int)
Begin
If Length(l) =1 Then « [
Else
(l3,12) := MAXF(I)
If Length(ly) > Length(l;) Then « [;
Else — I,
End If
End If

End.
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Function MAXF(l : List(Int)) : List(Int) x List(Int)
Var h: Int, t, 01, 09, 11, I : List(Int)
Begin
h = Hd(l), t :== TI()
If Length(t) =1 Then
o=t 1) =t
Else
(ll, l2> = MAXF(t)
If Length(ly) > Length(ls) Then oy := 3
Else 09 = l2
End If
End If
If h = Hd(l;) Then oy := [h: 1]
Else o; := [h]
End If
= <01,02>
End.

7.7 A D&C Algorithm for MAXSTA

In this section we include the complete derivation of the algorithm for
computing the relation MAXSTA given in (7.42). We start by deriving the
base case of the algorithm, that is, when the input list has length 1.

U1 ; MAXSTA
= v (STACy - (STACL — fi25f))

(by (7.41))

= 111;8TA:C, - T'pas (STA;C1 o f;:;f) (by Thm. 2.3.17)

= V001 - T (Vo STACL — fim3)
=1p1;6 - g (1’L1;Cl — f;t;f)
=1p1;C1 - Vg Ch(f,_,f)v

=Tp - 1’L1;(f;t;f)”

(by Lemma 7.4)
(by (7.39))
(by Lemma 7.3)

(by Ass1)
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=Vp - Upasfiesf (by Ax. 6)
=T - Vst =< f (by Ax. 4 and = = <)

Notice also that

Vi fi=f 20 f (2> 1Vrnt)
>1VUpi;Dom (f) (by Def. 2.5)
=110 s (by Assz)
=gl (by Thm. 2.3.7)
=1 (property of lists)

Thus, since U1 f;<;f > 11,
Vs MAXSTA="1,: . (7.63)

Once the base case has been derived, let us concentrate on the derivation
of the recursive case. Since we are looking for a divide-and-conquer solution,
we must find relations Split, 1, Q2 and Join such that the predicate

Recomp (1'p»1; MAXSTA, Split, Q1,Q2, Join)

holds.
If we unfold the definition of STA in MAXSTA, and apply properties of
the relational implication, we can prove that

l’L»l ,MAXSTA =

Hd Hd
Vr-1; V ;Cons;Cy | - V ;Cons;Ch — fix=;f

Cwit Cwit
Hd
: ( V. ;Cons;Cy — f;t;f)]
TI;8TA
Hd Hd
+ |:(1’L>1; \Y ;Cons;C’l) . ( V ;Cons;Cy — f;t;f)
Tl;STA Cwu

Hd
. \% ; Cons:Cy — f;t;f .
Tl;STA
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We will call A the first term in the sum, and B the second one. Let us
analyze term A first.

Hd Hd .
A= |Vps1; V ;Cons;Ci| - V ;Cons;C1;f;X;f

=17»1;

=1r>1;

=1prs1;

=1;s1;

=Vy»1;

=17s1;

Chit Cwit

Hd
. v :Cons;C1 — fi:f (by Lemma 7.3)
T1,8TA

Hd Hd
VvV ;Cons;Cq - v ;Cons;C1 — f;>=;f| (by Thm. 2.3.17)

Chi TI1;STA
Hd Hd
VvV ;Cons - v ;Ca;Cons — fi;=f
CNil Tl,STA,Cl
(by Assy and Ass3)
Hd Hd
v ;Cons - v ;Ca;Cons — fi-f
T C it Tl;STA;Cy
(by Def. 2.5 and Thm. 2.3.14)
Hd 1 Hd T .
V,; ® 5Cmns-| V; ® ;C2;Cons — fi-f
Ti Cna Tl STA;Cy

(by Thm. 3.2.9)

Hd 1 ik
v ® ;Cons - ® ;C2;Cons — fi=:f
Tl CNil STA;Cl

(by Thm. 2.3.17 and Lemma 7.4)

Hd r r

v ® ;Cons- ® ;Cz;C’onS;(f;t;f)” (by (7.3))
Tl CNil STA;Cl
Hd r 1 v
Vv ® ;Cons - ® ;C2;Cons; f; 2 f
Tl Cyil STA;Cy
(by Ax. 6 and X = )

Hd r r .
v ® ;Cons - ® ;C2;Cons; f; X5 f
Tl Cnit STA;C,

(by Thms. 2.3.19 and 2.3.21)
Hd r r ) .
v ® ;Cons - ® ;Cq;Cons; f; > f (by <= »)
TI Ca STA;Cy
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Hd v v 9 ]
=PVpr1; V 3 ® ;Cons- ® ;C2; ® ;Add;»;f (by Assa)
Tl Chit STA;Cy f
Hd r 1 g;=
=Vr>1; V 5 ® ;Cons . ® Ca; @ ;Add;f
Tl Crit STA;Cy fi=

(by property of Add)

Then, A equals

Hd Ik r g; >
Up-1; Vo ® ;Cons - ® :Co; @ GAdd;f| . (7.64)
Tl Chi STA;Cy fi-

Notice that by monotonicity of the operators involved,

T g;= 1
® ;0 ® ;Add;f< @ ;Cons. (7.65)
STA;Cy fi= 1
Let us define
r N g; =
Ai= ® ;Cons- Q@ ;Cp; ® ;Add;f.
Chwis STA;Cy fi=
Then,
v v g;z 1
A1= ® ;Cons - ® iCo; ® G Add;f - ® ;Cons
Cyit STA;C; fi= 1
(by Def. A; and (7.65))
v r 9= 0O+7
= ® ;Cons - ® ;Ce; ®  ;Add;f - ® ;Cons
CNil STA;Cq fi= 1
(by Def. 0" and BA)
iU iy g;t o 1
= ® ;Cons - ® iCo; ® G Add;f - ® + ® ; Cons
Cwit STA;Cq fi= 1 1

(by Thm. 3.2.11)
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17 17 g,t 07 11
= ® ;Cons - ® ;Co; @  ;Add;f - ® ;Cons + & ;Cons
Cyil STA;Ch fi= 1 1
(by Ax. 2)
17 1’ g;?_, 01
= ® ;Cons ® ;Ce; ® ;Add;f- ® ;Cons
CNil STA;CI f; - 1
r gz . v
® iCy; ® ;Add;f- ® ;Cons. (by BA)
STA;C4 fi> 1
We then have
r v [ 0
Ay= @ ;Cons - ® iCe; @ G Add;f - ® ;Cons
Az
1 g; = 1
. ® iCo; Q@ ;Add;f - @ ;Cons. (7.66)
STA;Cy fi= 1
Az
(' ®Cpit); Cons - An
v r or 0
= ® ;Cons - ® ;C2; ® ;Add;f- ® ;Cons (by Def. A3)
Cnit STA;C, fi= 1
> (P®Cpu) ;Cons -(0°®1) ; Cons (by BA)
17 0)
= ® ;Cons- ® ;Cons {by Thm. 2.3.21)
Chit 1
Iy r
= ® ;Cons- ® ;Cons (by Thm. 3.2.20)
Crit 1
T r
= ® ® | ;Cons (by Thm. 2.3.20)
CN:I 1
1’
= ® ;Cons (by Thm. 3.2.8)
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Thus,
('®Cpu) ;Cons -Ag = (’®Cpu) ; Cons . (7.67)

For the next derivation we will use the following valid property that
follows from Assy:

9;= r r
® Add;f- ® = ® . (7.68)
i 1 fimsf
17
® ;Cons - As
Chit
r v gz v
= ® ;Cons - ® ;Ca; ® Add;f- ® ;Cons (by Def. A3)
Cni STA;C, I 1
17 11 17
= ® ;Cons. ® ;Ca; ®  ;Cons (by (7.68))
Chit STA;C, Fimsf
T I T
= ® ;Cons- ® iC2;  ®  ;Cons (by Thm. 2.3.21)
Cra STA;C, fi-sf
r T r
= ® - ® iC2; ® ; Cons (by Thm. 2.3.20)
Crit STA;Cy Fimif
17 1] 17 17
= ® - Dom ® ;Ca | ® ; ® ; Cons
Chit MAXSTA STA;C1  f;»:f

(by Asss)

r 1 ik ik
® - Dom ® ;Ca ] s ® ; ® ; Cons.

Cril MAXSTA STA;C1;f;>  f

(by Thm. 3.2.10)

Since the relation MAXSTA produces f-maximal lists as output by def-
inition, then

STA;Cy;f ;= = MAXSTA;f;~ . (7.69)
If we denote by D the filter Dom ((1’ ® MAXSTA);C5), then the deriva-
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tion continues as follows:

1)
® ;Cons - As
Cwu

T r
= ® - D; ® ; Cons (by (7.69))
Cit MAXSTA; f; >}
T r T
= ® - (D+-D);D; ® ; ® ;Cons (by Thm. 7.1.1)
Cwil MAXSTA;f;» f
r T r
= ® - D;D; ® ; ® ; Cons
Cnit MAXSTA;f;~  f
r 1 r
+ ® - -D;D; ® 7 ® ;Cons  (by Ax. 2 and BA)
Cit MAXSTA;f;>  §
r r r T
= ® - D;D; ® ; ® ; ® ; Cons
Chat MAXSTA;f > |
1?
+ ® - -=D;1] ;Cons (by Thm. 3.2.10 and Lemma 7.1)
Criu
17 17 11 1’ 17
= ® - D; ® R 3 ® iCons + ~D; ® ;Cons
Cnit MAXSTA; f - f Chil
(by Thms. 2.3.19, 2.3.21, and 2.3.8)
1) 11 1] 17 1,
= ® - D ® P ® ;3 ® ;Cons + "D; & ;Cons
Cwi MAXSTA;f =X f Ca
(by Thm. 3.2.20 and & = <)
r v r
=D; ® ® ;Cons + -D; ® ;Cons
LiTro MAXSTA; f; <X f Cwil
(by Def. Cpny, and Thm. 3.2.10)
r T
= D; ® ;Cons + ~D; ® ;Cons (by Thm. 2.3.22)
MAXSTA; f;<; F;1 1o Cyi
r r
= D; ® ;Cons + -D; ® ;Cons (by Assg)
MAXSTA; f;<;Co;1 10 Chit
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r r
=D, ® iCons + ~D; ® ;Cons (by Def. Co)
MAXSTA;f;2;70;1;1 10 Cyil
17 17
=D; ® :Cons + ~D; @ ;Cons.
MAXSTA; Dom (f;<;10) ;Cnul Cwit

(by Thm. 2.3.14 and Def. Cpy1)

Thus,

(' ®Cpy) ; Cons - Az =

T 1
D; ® ;Cons + -D; @ ;Cons. (7.70)
MAXSTA;Dom (f;<;10) ;Cha Crat

Recalling the previous definitions and derivations,

Hd 1 r g,
A=Vry1; V ® ;Cons - ® 1Co; ® ;Add;f (by (7.64))
T Cwit STA;C1 fix
= 1’L>1; (HdV Tl) ;Al (by Def. Al)
Hd ¥ 1 g; = o
=1;>1; V 3 ® ;Cons - ® C2; ® ;Add;f- ® ;Cons
Tl Cnil STA;C, fi= 1
r gz . T
® iC2; ® GAdd;f - ® ;Cons (by (7.66))
STA;C, I 1
Hd Y
=1;v1; V 3 ® ;Cons -Az-A3 (by Def. Az and A3)
Tl Cri
Hd 1
=V;y1; V ® ;Cons -Aj (by (7.67))
Tl Cnu
Hd 1
=1;%1; V ;| D; ® ; Cons
Tl MAXSTA;Dom (f;=2;10) ;Cnut

1’
+-D; ® ;Cons) (by (7.70))
Chit
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Hd T
=1;+1; V ;| D; ® ; Cons
Tl MAXSTA; Dom (f;=;V0);Cnu
11
+ =D; ® ;Cons | . (by 2.3.14 and Def. Cpy)
MAXSTA;CNi[
Then,
Hd T
A=1;+1; V ;| D; ® ; Cons
Tl MAXSTA;Dom (f;=;10) ;Cnu
1’
+ -D; ® ;Cons | . (7.71)
MAXSTA;CNu

In order to continue with the derivation of a divide-and-conquer algo-
rithm for the relation MAXSTA, proceeding along the lines of the derivation
for A, we deduce:

Hd ik
B=1;-1; V ;D; ® ; Cons . (7.72)
TI MAXSTA; Dom (f;=;1g)

Let us define the following partial identities:

D, := Dom(f;=;10),
Dy :=Dom (f;>;1).

Joining the results for A (Eq. (7.71)) and B (Eq. (7.72)) to the derivation
of the base case (Eq. (7.63)), we obtain

MAXSTA=1; +

Hd r r
-1y V D, ® + ® ; Cons
Ti MAXSTA; Dy;Chu MAXSTA; D,
Hd r r
+ Uz>1; V ;0D ® ;i ® ;Cons,

Tl MAXSTA Cna
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which, by Ax. 2 and Thm. 3.2.10, yields the equation

MAXSTA =
Hd r r r
Vg + Vps1; V1 D; ® ; ® + ® |];Cons
Tl MAXSTA Dy;Cnu D,
Hd r r
+ Vp=1; V -D; ® i ® ;Cons. (7.73)
Tl MAXSTA Cpy

Equation (7.73) provides a recursive algorithm for computing the re-
lation MAXSTA, but according to our definitions it does not follow the
pattern of divide-and-conquer algorithms. Recalling the definition of the
filter D, it is easy to prove that

(1) D; (' ® MAXSTA) = (I'® MAXSTA) ;Cs,
(2) -~D; (' @ MAXSTA) = (' ® MAXSTA) ;~Cs.

The proofs are as follows.

1 r
D; ® =D; ® (by (7.41))
MAXSTA STA;C, - MAXSTA
v r
= D; ® . ® (by Thm. 3.2.8)
STA;C;  MAXSTA
1, 1’
= ® - D; ® (by Thm. 2.3.22)
STA;C, MAXSTA
r v
= ® . ® ;Ca (by Asss)

STA;Cy MAXSTA

Il

r iy
® . ® ;C2  (by Thm. 2.3.22)
STA;C;  MAXSTA
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17
®
STA;C; - MAXSTA

1’
®
MAXSTA

;Cz.

;C
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(by Thm. 3.2.8)

(by (7.41))

Regarding property (2), we will use the following property from Boolean
algebra. If a-b =0, a+b =¢, a-d =0, and a+d = ¢, then b = d. Notice

now that using Ax. 2,

17

1,

17

Dy ® +-D; ® = ®
MAXSTA MAXSTA MAXSTA
Also,
1’ 17
D; ® + ® ;—Cs
MAXSTA MAXSTA
T r
= ® ;Ca + ® ;—C> (by (1))
MAXSTA MAXSTA
17
= ® s (02 +_|02) (by Ax. 2)
MAXSTA
1’
= ® . (by Thm. 7.1.1 and Ax. 5)
MAXSTA
It is also clear that
T r
D; ® - =D; ® =0.
MAXSTA MAXSTA
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Finally,
r 1
D; ® . ® ;—Co
MAXSTA MAXSTA
N r

- ® :Cy - ® ;—Co (by (1))
MAXSTA MAXSTA -

=0.

Using then the previously mentioned property about Boolean algebras
we deduce that (1) holds. Then, using (1) and (2) in (7.73),

MAXSTA =
Hd 1 1 1
Vo +Vpr; Vo ® ; | Co; ® + ® ; Cons
Tl MAXSTA D1;Cha D,
17
+ ~Cy; ® ;Cons| . (7.74)
Cwu
If we define
1’ 1’ 11
Joinyaxsta = Co; ® + ® |;Cons+ —Cy; ® ;Cons,
D1;Cpna D, Chwi

then, by (7.74), the predicate
D&C (MAXSTA, 1’L1 ; 1’L>1 3 (HdV Tl) f 1’, MAXSTA, JOinMAXSTA)
holds.

7.8 Comparison with Previous Work

The notion of generic algorithm is not new. Already in 1985 the wide
spectrum language CIP-L [F. L. Bauer et al. (1985)] allowed us to work
with program schemes. Also, program design strategies were incorporated
as transformation rules. The advantage of our calculus is its completeness,
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for there is no theorem showing that given any two program schemes P;
and P, with the same semantics, it is possible to carry on the derivation

P
b,

in CIP-L.

In [B. Méller (1991); M. Russling (1996)a; M. Russling (1996)b] a frame-
work for program construction based on an algebre of formal languages is
presented. In [M. Russling (1996)b] these algebras are used for deriving
generic algorithms for the treatment of graphs. The operators from the
algebras are defined in set-theory using variables over ‘words’ besides vari-
ables over languages. From these set-theoretical definitions, the author
derives some valid properties only involving variables that range over for-
mal languages, but, opposed to the fork algebra case, there is no proof of
whether these properties axiomatize the algebras or not. Also, variables
ranging over words are used in proofs (something that is avoided in fork
algebras by using only variables over relations), and reasoning in set-theory
is carried on.

In [D. Smith (1985); D. Smith (1987)] some strategies are presented
~ which aim to help in the design of divide-and-conquer algorithms. A pro-
gram scheme describing an arbitrary divide-and-conquer algorithm is given,
and the strategies are used for finding the adequate program pieces. No-
tice that since no complete calculus is given, then the author reasons in
first-order logic using variables over individuals, something avoided in fork
algebras. Also, the lack of such calculus makes the author find some of
the missing parts using his intuition. This can be seen for example in the
derivation of the MIN algorithm in [D. Smith (1985), pp. 45-46], where
the Split operator and the subproblems Id and MIN are fixed by hand, and
the Join part is derived. In our case, once the generator is fixed (something
we believe equivalent to choosing the Split operator), the subproblems Id
and MIN are found by unfolding/folding in fork algebras, and the Join is
obtained in the process of satisfying the predicate D&C.

In [R. Bird et al. (1997)] an approach similar to ours is presented. Re-
lations are not introduced as elements in models of logical theories, but
rather as arrows in categories known as allegories [P. Freyd et al. (1990)].
While in our framework the discussion in Section 7.4 shows that first-oder
formulas over abstract relations can always be interpreted as formulas on
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binary relations, in [R. Bird et al. (1997), p. 95] a weaker result is used that
guarantees this ‘completeness’ only for Horn sentences. Horn sentences are
formulas of the form eg A --- Ae,_1 = e,, where eg,...,e, are identities
between relational designations. Horn sentences are adequate when per-
forming equational reasoning, but fall short in describing design strategies.
Something that also distinguishes both frameworks is the background re-
quired for mastering the process of program construction. While in the
categorical framework a fairly non-trivial amount of category theory is re-
quired, in the fork algebraic framework only first-order logic, equational
reasoning and basic set-theory for understanding binary relations are re-
quired. Of course, this categorical background also has clear advantages,
such as the use of functors in the description of problems, allowing us to
derive type-generic algorithms in a very efficient way.
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